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ABSTRACT: We calculate the gauge terms of the one-loop anomalous dimension matrix for
the dimension-six operators of the Standard Model effective field theory (SM EFT). Combin-
ing these results with our previous results for the A and Yukawa coupling terms completes
the calculation of the one-loop anomalous dimension matrix for the dimension-six operators.
There are 1350 C'P-even and 1149 C P-odd parameters in the dimension-six Lagrangian for
3 generations, and our results give the entire 2499 x 2499 anomalous dimension matrix. We
discuss how the renormalization of the dimension-six operators, and the additional renormal-
ization of the dimension d < 4 terms of the SM Lagrangian due to dimension-six operators,
lays the groundwork for future precision studies of the SM EFT aimed at constraining the ef-
fects of new physics through precision measurements at the electroweak scale. As some sample
applications, we discuss some aspects of the full RGE improved result for essential processes
such as gg — h, h — ~y and h — Z~, for Higgs couplings to fermions, for the precision
electroweak parameters S and 7', and for the operators that modify important processes in
precision electroweak phenomenology, such as the three-body Higgs boson decay h — Z £ ¢~
and triple gauge boson couplings. We discuss how the renormalization group improved results
can be used to study the flavor problem in the SM EFT, and to test the minimal flavor viola-
tion (MFV) hypothesis. We briefly discuss the renormalization effects on the dipole coefficient
Ce which contributes to u — ey and to the muon and electron magnetic and electric dipole
moments.
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1 Introduction

The LHC experiments have recently found strong evidence for a scalar particle with mass
126 GeV, and properties consistent with the Higgs boson of the Standard Model (SM) [1, 2].
The absence of any clear evidence of new particles at energies up to several times the scalar
boson mass allows one to parametrize the effects of arbitrary new physics residing at energies
A > v on physical observables at the electroweak scale in terms of higher dimension operators
built out of SM fields. Experimental measurements of the properties of the scalar boson and
other observables at the electroweak scale can then be used to constrain or determine the
coefficients of the higher dimension operators, and hence the effects of arbitrary beyond-the-
standard-model (BSM) theories with characteristic energy scale A in a model independent
way.

In this paper, we adopt the assumption that the scalar boson observed at LHC is the SM
Higgs boson, and that the Higgs mechanism generates the mass of the SM gauge fields and
fermions. Specifically, we assume that the observed scalar boson h is part of a SU(2)r doublet
H with hypercharge y;, = %, and that the electroweak SU(2)y x U(1)y gauge symmetry is a
linearly realized symmetry in the scalar sector which is spontaneously broken by the vacuum
expectation value of H. These assumptions yield the simplest and most direct interpretation of
the LHC data, and the related experimental observations from LEP and the Tevatron.!. The
SM effective field theory (SM EFT) based on these assumptions consists of the SM Lagrangian
plus all possible higher dimension operators.

The leading higher dimension operators built out of SM fields that preserve baryon and
lepton number are 59 dimension-six operators |8, 9|. It is important to keep in mind that many
of these operators have flavor (generation) indices. For n, = 3 generations, the dimension-
six Lagrangian has 1350 C'P-even and 1149 C'P-odd couplings, for a total of 2499 hermitian
operators and real parameters. The flavor indices obviously cannot be neglected — there is
no reason in general, for example, why the new physics contribution to p — ey should be

!There are other alternatives being investigated, such as a nonlinearly realized SU(2)r x U(1)y gauge
symmetry in the scalar sector with a light scalar h; see [3—7] and references therein



the same as the new physics contribution to the muon magnetic moment. Despite the large
number of operators, it is important to realize that the SM equations of motion (EOM) have
been used extensively in reducing the operator basis. As a result, the coefficient of a removed
operator is distributed among the remaining operators.

In this work, we complete the full calculation of the 2499 x 2499 one-loop anomalous
dimension matrix of the 59 dimension-six operators in the operator basis of Ref. [8, 9], including
flavor indices for an arbitrary number of generations n,. We present the gauge coupling terms
in the one-loop anomalous dimension matrix in this paper. Combined with our past results [10—
13], this gives the full one-loop renormalization group evolution (RGE) of the dimension-six
operators of the SM EFT. Having the full one-loop RGE of an independent set of dimension-
six operators in the SM EFT has the advantage that all physical effects are included, and
there can be no cancellation of terms between independent operators.

To precisely interpret any pattern of deviations of SM processes using higher dimensional
operators, one has to map the pattern of deviations observed at the electroweak scale back
to the scale A, where the BSM physics was integrated out of the effective field theory. Due
to operator mixing, the pattern of Wilson coefficients that are observed at the low scale
~ my is not identical to the pattern of Wilson coefficients at the matching scale A. Our
RG calculation determines all of the logarithmically enhanced terms in observables at the
renormalization group scale u = mpy due to RG running from the high-energy scale of new
physics u = A.

There are also other contributions from the finite parts of one-loop graphs at the low scale
p ~ my, which we have not computed. For A ~ 1TeV, In(A%2/m?2;) ~ 4, so there is a modest
enhancement of the log terms over the finite terms. As experiments get more precise, and the
scale A is pushed higher, the log terms become even more important relative to the finite terms.
Nevertheless, the calculation of finite terms is important, and these terms will eventually be
required for a precise comparison of data with the SM EFT. The anomalous dimensions can
also be viewed as computing the In A/my enhanced finite terms. The anomalous dimension
computation is easier because it can be done in the unbroken theory, whereas the computation
of finite terms needs to be done in the broken theory.

An important application of the SM EFT is to test the hypothesis of minimal flavor
violation [14, 15]. The dimension-six operators can have arbitrary flavor structure, and the
renormalization group equations derived in Refs. [10-13] and in this paper give non-trivial
mixing between different particle sectors. MFV assumes that the only sources of U(3)> flavor
symmetry violation are the Yukawa coupling matrices Y., Y, and Y;. The SM respects MFV
by definition. Since MFV is formulated in terms of symmetries, it is preserved by the RG
evolution. If the dimension-six Lagrangian respects MFV, then the RG evolution preserves
this property.

The general dimension-six Lagrangian does not have to respect MFV, and RG evolution
then feeds non-minimal flavor violation into different operator sectors. By constraining the
parameters of the SM EFT, one can experimentally test the MFV hypothesis taking this RG
running into account. It is important to test MFV directly in a model-independent way. The



SM EFT provides a model-independent formalism to test the MF'V hypothesis.

The outline of this paper is as follows. In Section 2, we discuss our notation, and the
gauge coupling constant terms reported in this work. Some generalities about the structure
of the anomalous dimension matrix are given in Sec. 2.1. Some interesting cancellations
are pointed out in Sec. 2.3. A detailed presentation of the gauge coupling constant terms
in the RG equations of the dimension-six operator coefficients is relegated to Appendix C.
Section 3 compares the standard operator basis of Refs. [8, 9] with SILH operators [16]. A
brief discussion of MFV and its implications is given in Section 4. Section 5 presents the
main applications of the SM EFT to phenomenology. We discuss the SM parameters at
tree level, and how their values are modified by the SM EFT dimension-six operators. In
particular, we discuss the modifications to the Higgs mass and couplings, and to the gauge
boson masses. We also discuss the scale dependence of the dimension-six operators, and how
the dimension-six operators contribute to the running of the d < 4 parameters of the SM
Lagrangian. The complete expressions for the running of the gg — h, h — vy and h — vZ
amplitudes are given in Secs. 5.8, 5.9, and 5.10, respectively. In Secs. 5.11 and 5.12, we discuss
the operators corresponding to the electroweak precision data (EWPD) parameters S and T,
and operators modifying critical processes for precision electroweak phenomenology, such as
triple gauge boson couplings and the three-body decay h — Z ¢* ¢~. In Sec. 5.13, we discuss
the dipole coefficients C¢, which contribute to the decay u — ey and to the muon and electron
magnetic and electric dipole moments. We present our conclusions in Section 6. The counting
of parameters in £ is summarized in Appendix A, and the conversion of SILH operators to
the standard basis is given in Appendix B.

2 The anomalous dimension matrix

The complete list of 59 independent dimension-six operators is given in Table 1. The operators
are divided into eight classes by field content and number of covariant derivatives. The eight
operator classes are 1 : X3, 2 : HS 3: H*D? 4 : X?H? 5:¢?H?3, 6 : v>XH, 7 : y>H?D
and 8 : ¥?, where X = G/‘:‘V, Wlfy, B,,, represents a gauge field strength, H denotes the Higgs
doublet scalar field, % is a fermion field ¥ = ¢, u,d, [, e, and D is a covariant derivative. The

dimension-six Lagrangian is
£6) — Z CiQ; (2.1)

where the (); are the dimension-six operators of Table 1 and the operator coefficients C; have
dimensions of 1/A%. The one-loop anomalous dimension matrix ~;; is defined by the RG
equation of the operator coefficients

i

: dC
CZ' = 16772,u d/,L = ')’ijCj- (22)

The explicit RG equations are given in Appendix C as differential equations, rather than as
elements of the matrix v. We will use 7;; to represent the 8 x 8 block form of the anomalous



dimension matrix, where the subscripts on ~ refer to the eight operator classes 7,5 =1,...,8.
For example, 735 is the 2 x 3 anomalous dimension submatrix which mixes the 3 independent
class 5 operator coefficients into the 2 independent class 3 operator coefficients (see Table 1).

Although there are 59 independent operators, many of them have flavor indices which
take on ny = 3 values. Table 2 gives the number of C'P-even and C'P-odd coefficients for each
operator class. For ngy = 3, there are (107n3 + 2n3 + 213n] + 30n, + 72)/8 = 1350 C'P-even
coefficients and (107ng + 2n) + 57n2 — 30n, + 48) /8 = 1149 C'P-odd parameters, for a total
of 2499 parameters which need to be constrained by experiment. The counting of parameters
is summarized in Appendix A.

Such a large number of terms makes the calculation of the complete anomalous dimension
matrix a formidable task. In Ref. [13], we began by computing the 8 x 8 one-loop anomalous
dimension matrix 44 for the class-4 Higgs-gauge operators X2H?, since these operators con-
tribute directly to the experimentally interesting Higgs production and decay channels gg — h,
h — vv, and h — vZ, which first occur at one loop in the SM. The 8 x 8 submatrix 44 has
been subsequently verified by several independent calculations (e.g. Ref. [17]). In Ref. [12], we
calculated the A-dependent terms of the full anomalous dimension matrix for vanishing gauge
coupling constants, as well as the complete running of the SM d < 4 parameters due to the
dimension-six operators. The running of the SM parameters resulting from the dimension-
six operators is of order m%{ /A%, which is of the same order as the tree-level contribution of
dimension-six operators. The Yukawa-dependent terms of the anomalous dimension matrix
for vanishing gauge couplings were computed in Ref. [10]. In this paper, we complete the full
calculation of the one-loop anomalous dimension matrix of the dimension-six operators by
computing the gauge coupling terms.

The one-loop anomalous dimension matrix has the usual 1/(1672) suppression of a one-
loop calculation. However, there are several anomalous dimensions with large numerical fac-
tors. In Ref. [12], for example, we found that

d
167%—Cry =108ACph + ... . 2.3
dp

Since m%{ = 2)\v?, the anomalous dimension coefficient is 108\ = 54m%{ /v? ~ 14, independent
of the normalization convention for the quartic coupling A. In the study of the Yukawa
coupling terms of Ref. [10], the numerical factors were generally O(1). These Yukawa terms
give interesting nontrivial flavor mixing between the various operators. The gauge terms
calculated in this paper also contain several large coefficients. For example, the mixing of the
class 4 operators X2H? into the class 2 operator H® gives

d
16772#@01{ = —(48¢1 vy + 120193y%)Chip - - - (24)

The lengthiest contributions to gauge coupling constant terms come from the well-known
penguin graph Fig. 1. The penguin graph itself is simple to compute. However, there are
25 possible 1* operators in the £(6) Lagrangian, and the penguin graph is proportional to



Figure 1. A penguin diagram. The solid square is a 1* vertex from £ and the dot is a SM gauge
coupling.

D, X", which is replaced by a gauge current summed over all fermion and scalar fields. The
resulting four-fermion and fermion-scalar operators then have to be Fierzed to the canonical
operator basis, resulting in the bulk of the terms given in Appendix C.

One finds a substantial amount of operator mixing in the SM EFT, and such mixing
affects observables measured at the electroweak scale in a manner which must be unraveled to
understand BSM theories. One of the consequences of this mixing is the propagation of C'P
violation through different sectors of the Lagrangian. For instance, dipole operators receive
contributions from C'P violating class 4 operators (that enter, e.g., h — 7Z at tree level), the
latter are therefore subject to electric dipole moment constraints, see Sec. 5.13. On the other
hand, it is already known [13| that mixing effects are relevant for studies of h — ~~.

2.1 The structure of ~;;

The complication of dealing with a large operator basis naturally leads to the desire to simplify
the calculation, or to look for hidden structure in the anomalous dimension matrix to more
easily understand the physics of the one-loop RGE flow. In Ref. [12], we showed that the
structure of the anomalous dimension matrix can be understood using Naive Dimensional
Analysis (NDA) [18]. The argument is simplest using rescaled operators @Z The rescaled
operators @l are given by ¢>X?3, HS HD?, ¢’X?H?, yy?H?, gy> X H, ?>H?D and ¢*,
where each gauge field strength X has been rescaled by a gauge coupling g, and the chirality-
flip operators ¥?H? and 12X H, which change chirality by one unit, have been rescaled by
an additional Yukawa coupling y. The dimension-six Lagrangian can be rewritten in terms of
the rescaled operators and their corresponding coefficients @,

LO=3"0iQi=>"CiQ; . (2.5)

The RG equations for the original and rescaled operator coefficients are given by

CZ' = ’Yij Cj CA’Z = aij Cj, (2.6)



where the one-loop anomalous dimension matrices 7;; and 7;; are related to each other by the
rescaling factors and their derivatives. In Ref. [12|, we showed that the anomalous dimension
matrix 7 for the rescaled operators has entries proportional to

N A LN y2 Ty g2 g
o (167r2> (167r2> (167r2> ’ M e 2D

where N, the perturbative order of the anomalous dimension, is defined as the sum of the

number of factors ny of the Higgs self-coupling A, the number of factors n, of y?, and the
number of factors ny of g%>. For the rescaled dimension-six operators, N ranges from 0 to
4. In Ref. [11], we derived a general formula for the perturbative order N of the anomalous
dimension matrix 7;;,

N:1—|—wi—w]’, (28)

where w; is the NDA weight of the operators @Z in the i class [11]. The class 2 operator @ H
has NDA weight we = 2; the operators in classes {3, 5, 7,8} have NDA weight 1; the operators
in classes {4,6} have NDA weight 0; and the class 1 operators have NDA weight w; = —1.
Using Eq. (2.8), the possible coupling constant dependences of 7;; are obtained. Our previous
work calculated all anomalous dimensions with nontrivial ny and n, with ny = 0. The present
work completes the calculation of all terms with ng # 0.

Although the coupling constant dependence of the anomalous dimension matrix is simplest
for the NDA rescaled operators, the RGE in Refs. [10, 12, 13] and in this work are quoted
in terms of the original unrescaled operators @; of Refs. [8, 9]. The possible entries of 7;;
were classified in Ref. [12] by studying all possible one-loop diagrams including EOM terms.
The classification is a bit subtle. The non-zero entries arise directly from diagrams which
contribute to a given term, but also indirectly via EOM. For example, the H*D? — H*D?
entry of the anomalous dimension matrix is computed from graphs with one insertion of a
H*D? operator, Qun or Qup, with 4 external H lines. These graphs contribute to the Y33
submatrix for the running of the coefficients Cyg and Cyp. The graphs contributing to 33
also require a counterterm proportional to the EOM operator Eg of Ref. [12]. This operator
can be eliminated in favor of other operators such as the ¥?H? operators in the standard
basis. Thus, the 733 graphs also contribute to the 753 submatrix via the EOM, even though
they do not have any external fermion lines.

The NDA weights w; for the NDA rescaled operators @, of the eight operator classes,
and the coupling constant dependence of the allowed anomalous dimensions 7;; are shown
in Table 3, with the operators ordered according to decreasing NDA weight. Now that the
entire matrix has been computed, we can compare with the classification of Ref. [12]. The
cross-hatched entries in the table are anomalous dimension entries which could exist based on
the allowed diagrams, but which vanish by explicit computation. These entries vanish because
the relevant diagram vanishes, has no infinite part despite being naively divergent, or, in some
interesting cases, by cancellation between different contributions such as a direct contribu-



tion to 7;; and an indirect contribution obtained by using the EOM. These cancellations are
discussed further in Sec. 2.3.

The diagonal blocks in Table 3 have N = 1 since w; = w;. Blocks one below the diagonal
have N = 0, whereas blocks one above the diagonal have N = 2, etc. When N is less than
0, v vanishes, and we find that this is always the case. However, there are many additional
anomalous dimensions which vanish. Indeed, almost all of the N = 0 entries vanish. The
notable exception of a N = 0 submatrix which does not vanish is ygg which mixes class 8
four-fermion operators 1% into the class 6 dipole operators ¥>X H in violation of the general
“no tree-loop mixing” claim of Refs. [19-21]. Other examples which violate no tree-loop mixing
exist [22]. “Tree-loop” classification [23| of terms in an EFT Lagrangian has limited usefulness,
and does not apply in general when the UV theory generating the dimension-six operators
is itself an EFT, or is a strongly interacting theory. Attempts to broaden this classification
scheme in a very general manner relied critically on the assumption of minimal coupling.
However, in Ref. [24], we showed that the concept of minimal coupling is ill defined in general.

2.2 Checks of the calculation

The calculations in this paper are done in background field with gauge fixing parameter &,
and cancellation of £&-dependence provides a check on the results. The gauge dependence only
cancels for gauge-invariant interactions, i.e. if the relations

Yq = Yd + Yhs Yq = Yu — Yh; Yi = Ye + Yh, (2.9)

are satisfied. Although the expressions for the anomalous dimensions have been written in
terms of all six hypercharges, y; cannot be thought of as varying independently, but must
satisfy the constraints Eq. (2.9). A check of the results that follows from custodial SU(2)
symmetry is discussed at the end of Sec. 5.11.

The SM Yukawa couplings

Lyukawa = — HT]ET [Yd]rs qjs + ﬁTjﬂr [Yu]rs qjs + HUér [Y:a]rs ljs +h.c.|, (2-10)

where 7, s are flavor indices and j is an SU(2) index, are only gauge invariant because the 2 of
SU (2) is self-conjugate, so that H; and I:i’j = ¢;;,H"* belong to the same SU (2) representation.
The SU(2) group cannot be generalized to a SU(N) group. While some of the SU(2) group
theory factors have been written as Casimirs such as c4 2 and cpp, the results are only valid
when they take on their SU(2) values c42 = 2 and cpa = 3/4.

The SU(3) results are written for an SU(N,) theory. Anomaly cancellation does not hold
for the SU(N,)? x U(1)y anomaly for arbitrary N, but the results can still be useful in other
contexts for the SU(N,) anomalous dimensions. The SU(3) Fierz identity

1

1
T&qﬁ T/‘\Ao_ - 55040'5)\B - W
Cc

S0 30r0 (2.11)
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Figure 2. Graphs with insertions of the X2 operator which cancel after using the equations of
motion.

has been used to rearrange color indices and put operators into standard form. This identity
is valid for the fundamental representation of SU(N,), but is not valid for arbitrary represen-
tations. Thus, the quadratic Casimir cp3 is equivalent to (N2 — 1)/(2N,), and the fermions
must be in SU(N,) fundamental or anti-fundamental representations.

2.3 Cancellations

The one-loop anomalous dimension matrix does not contain all possible terms that can arise
from the allowed one-loop graphs and the EOM. In a few cases, the entries vanish because
the graph has no divergent part. An example from Ref. [12] is the y* contribution to 727, or
HS — 4?H?D mixing.

There also are a few cases with interesting non-trivial cancellations which arise when
different contributions to the same anomalous dimension are added together after using the
equations of motion. An example is the contribution of insertions of the C'P-even operators
X3 to the anomalous dimension from the graphs shown in Fig. 2. The divergent part of the
first graph is proportional to

Ay = —ca29:Cw DFW LD, W T — ¢4 393Ca DG\ D, G4, (2.12)
The divergent part of the sum of the second and third graphs is proportional to
Ay = —igsca2Cw D, HIT'D,HW,. (2.13)

There is no gluon term, since gluons do not couple to the Higgs field. The divergent part of
the fourth graph is proportional to

As = g3ca2CwDFWLi0Y + g3easCaD Gl it (2.14)
where
. _ 1 A _
alt=_ et igt= )0 ATy, (2.15)
Pp=q,l Y=q,u,d



are the SU(2) and SU(3) fermion currents, respectively. The operator Eq. (2.13) is equal
to gaca 2Cw Paw, where Py is given in Eq. (3.3). Integrating by parts, and writing the
commutator of two covariant derivatives as a field-strength tensor gives the identity

Puw = —igD,H'7' D, H W'

. 1 1
= goji’ D"W), — ZgglaﬂﬂwljyWW — 5gngthTTfﬂwljyBW, (2.16)

where
jif =5 (e Drm, (2.17)

is the Higgs doublet SU(2) current. The total is
Ay + Ag + Az = —ggcAQCWD“WIf)\ [D,,Wl’j)‘ — ggj{/‘ - ggj}f‘} - cA,gg;J,C'GD“G;‘/\ [D,,GA”A - ggjf;A
— gaca2Cw ngﬂfﬂwijfﬂ” + %gngthTTI H WJVBMV] . (2.18)
Using the gauge field equations of motion
DLW = g (G4 + i) DGAM = gyt (2.19)
only the second line survives,

1 1
AL+ Ay + Az = —g2cA 20w |:4g§HTHWJVWI”V + §g192thT7—IH W/fl/BMV . (2.20)

The gluon term Cg cancels completely and most of the Cyy term cancels. There is a residual
contribution from Eq. (2.20) to the anomalous dimension of C'yy and Cyw g, the coefficients
of the X2H? Higgs-gauge boson operators. The graphs in Fig. 2 contribute to the running of
Crw and Crwp even though none of the diagrams have two external gauge bosons and two
external Higgs lines, the field content of X2H? operators. The cancellation of C and Cyy
terms in various anomalous dimensions is the reason for the absence of several terms in the
last column of Table 3.

The C}; and Cg contributions to the anomalous dimenNSion arise from the same graphs
as in Fig. 2, with the insertions of the C'P-odd operators X X X. In this case, one obtains
Eqgs. (2.12) and (2.14) with D*W[, and D*G4, replaced by D“Wl{y and DFG4,, respectively,
and Eq (2.13) with Wlfy replaced by W;{u The equations of motion for X are DX w =0,
rather than Eq. (2.19), so naively there can be a difference between the CVT/,@ and Cw g
contributions to the anomalous dimension. However, the total sum Ay + Ao + Ag is

- QQCAQCWD“WJ)\ [DVWIV)‘ — g2ji — 92]{&1)‘} - CA,393C@DM6211)\ |:DVGA A — 9354 ’\}

1 — 1 _
— g2¢42C5; [4g§HT HW,, Wi 4 §g1ggthTTI H W/f,,BW} , (2.21)



instead of Eq. (2.18). The first lines in both Eq. (2.18) and Eq. (2.21), which would have
produced a difference in the CWA;’ & and Cw,¢ contributions, are proportional to the gauge field
equations of motion (2.19) and vanish. Thus, the contributions to the anomalous dimension
from the C'P-odd coefficients CW,@ are the same as the contributions from the CP-even
coefficients Cyy g.

Another interesting cancellation occurs in the contribution of the 1> X H dipole operators.
The coefficients Cey, etc. of these operators will be denoted generically by Cyx, where ¢ =
e, u,d. The dipole operators contribute to the running of 2 H? coefficients Cy, such as Cep,
and to the running of ¥2>H?2D coefficients CHy, such as Cge. The anomalous dimension for
the running of Cyy gets multiple contributions from Cyx and C’;Z y Wwhich arise from graphs
with insertions of the ©?X H dipole operators and their hermitian conjugates. As above,
the multiple contributions arise from using the EOM to bring all divergences to the canonical
basis. The total contribution of C’;Z y to the running of Cyp cancels after using the hypercharge
constraints Eq. (2.9), even though individual contributions do not vanish. The contribution
of Cyx to the running of Cyp does not cancel. The total contribution of both Cyx and C;; X
to the running of the ¥?H2D coefficients Cpry exactly cancels, which is why there is no g?y?
entry in the anomalous dimension vz from ¥?H?D-?>X H mixing in Table 3.

The contributions of the dipole operators and the gauge operators with X and X are
related by factors of 7. This simple factor follows from the complex self-duality of o*¥ Pg.
There is no C;;  contribution to the running C’w X, or to the runnings C(gizl & C’(gi)q 4 and C’l(j’gu,
which are the 1* operators to which the dipole operators contribute.

The examples above indicate that the RG contribution of the dipole operators respects
holomorphy in Cyx.

2.4 Previous work

Several of the gauge coupling terms of the one-loop anomalous dimension matrix have been
calculated before. However, we emphasize that with the results reported in this work, we have
determined the complete one-loop anomalous dimension matrix for dimension-six operators
of the SM EFT for the first time.

Previous calculations of individual elements of the anomalous dimension matrix include
the following works.? The anomalous dimension of Q¢ and Qg were determined in Refs. [25-
27]. We agree with this result. Ref. [25] computed the anomalous dimension of dimension-five
and dimension-six operators in QCD. Parts of our calculation in which the Higgs field can
be treated as an external constant field agree with these results. The renormalization of
four-fermion operators has been studied for many years in the context of the low-energy
theory of weak interactions, and provides a check on the 1% — 1) anomalous dimension. The
complete one-loop RGE of the operators in class 4 was calculated for the first time in Ref. [13].
Previously, some individual terms in this running result were calculated in Refs. [28-31], and

2Due to the number of operators renormalized, and the fragmentary literature on the subject, we apologize
in advance to authors whose works are overlooked in this discussion.

,10,



these terms are consistent with our calculation. Ref. [19] calculated the mixing of dipole
operators Quq, Quw and Q,p with the combination of Wilson coefficients Qgw, Q@up and
Quwp that corresponds to h — 7, see Section 5.9, which corresponds to a set of entries in
~v46. We agree with these results. Ref. [32] reports the running of the operators @,z and Q¢
due to the QCD coupling, which corresponds to entries in 55 and ~g5. We agree with the
results of this paper.

The papers mentioned in the previous paragraph allow a relatively direct comparison
between results computed in the same operator basis. Many other results in the literature are
reported in a different basis, making a comparison difficult. Ref. [20] presents a few terms in
the anomalous dimension matrix without flavor indices (i.e. for ny = 1), and only including
the top Yukawa coupling. The exact translation between such partial results and this work
requires that a complete non-redundant operator basis be defined, which often is not the case.
Ref. [20] does not define such a mapping to allow us to compare our results to the terms
reported, see the next Section for more discussion on this point. Nevertheless, some other
classic past results in Refs. [33-46] overlap with some of the results presented here, as do some
more recent works [47-54].

3 SILH operators

A minimal basis of dimension-six operators is obtained by removing all redundant operators
using the SM EOM. This paper uses the dimension-six operators (); of Ref. [9] which has
no redundancies. It is a well-established result in quantum field theory that operators which
vanish by the classical equations of motion do not contribute to S-matrix elements even at the
quantum level [55], and so EOM can be used to simplify the effective Lagrangian. Formally,
the redundant operators can be eliminated by a change of variables in the functional integral.
It is clearly a nuisance to use a redundant operator basis.

Including redundant operators introduces extra parameters in the Lagrangian which can
be eliminated by field redefintions, and do not contribute to any measurable quantity [55].
This redundancy is not always obvious, since intermediate steps and partial results can depend
on the redundant parameters. It is only when the complete S-matrix element is carefully
computed that one sees that certain combinations of parameters drop out due to the EOM.
Redundant operators have led to enormous confusion in the literature over many decades, for
example, this was a source of significant confusion in the early days of heavy quark effective
theory. For this reason, when choosing a basis, it is advantageous to not introduce redundant
parameters.

Recently, some authors [20, 56, 57| have advocated using the “SILH-basis.” The definition
of this operator basis varies in the papers, and the original SILH paper [16] does not define
a complete basis. We will discuss the version presented in Ref. [56]. The basis of Refs. [8, 9]
contains nine C'P-even operators made out of only gauge and Higgs fields,

Qc, Qw, Qu, Quo, Qup, Qua, Quw, Qus, QuwsB- (3.1)
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The SILH basis defined in Ref. [56] contains 14 C'P-even operators made out of only gauge
and Higgs fields with the operator coefficients

CH, CT, C¢, CW, CB, CHW, CHB, Cy, Cg, C3W, C3G, C2w, C2B, C2G. (3.2)

The six operators Qg, Qw, @, Quo, QHa, @ gp coincide with the operators corresponding to
3G, C3w, Ce, CH, Cg, C, Up to simple rescalings by couplings. In Ref. [56], it is argued that the
three operators corresponding to ¢oyy, Cop and s can be removed by the SM EOM in favor
of other operators retained in the SILH operator basis. This removal leaves five flavor-singlet

operators3
Puw = —igs (D'H) 7' (D" H) W}, Pup = —igi (D"H)' (D"H) B,
Pw = =2 (1t ! ) (D" WL,), Py =~ (1 TPH) (DB,
Pr = (H! Dra) (H DrH), (33)

in the SILH basis, instead of the three operators

Quw = H'HW,), Wi, Quwp=H'rt HW\,B", Qup = (H'D'"H)*(H'D,H),
(3.4)

in the standard basis.

Since Eq. (3.3) has five operators, and Eq. (3.4) has only three operators, two additional
operators from the standard @; basis can be eliminated if the operators in Eq. (3.3) are used
instead of those in Eq. (3.4). The five P; operators can be written in terms of the standard basis
QQ; using the equations of motion, and the conversion is given in Appendix B. The relations
involve non-bosonic @Q); operators, a fact that is used in Ref. [56] to remove the lepton-Higgs
operators Q%g and QS; together with Qrw, Qrwp and Qgp in favor of the 5 P; operators
of Eq. (3.3). However, only the flavor-singlet combinations

Q. @ (3.5)
pp pp

enter the relations in Eq. (B.1). One can modify the singlet part of the coefficients of Qgg
and QS? by the shift

S L, o9 4 095 (3.

rs

and absorb the change in the P; operator coefficients. The constants a(13) can be chosen to

eliminate the trace Eq. (3.5), or to set the electron operator Cl(ﬁ}l) = 0, etc. However, the

ee
coefficients of the flavor non-singlet parts

1 1 1 3 1 3
o - Lacty  of-Lach o
rs g pp TS g pp

3The SILH basis operators are denoted by P; to avoid confusion with similarly labelled operators Q; in the
standard basis.
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(1)

cannot be removed, and must be retained. Removal of the flavor-singlet portions of C;; and
C’SI) makes the treatment of BSM flavor violation in the SILH basis cumbersome. Furthermore,
a careful and consistent treatment of EOM effects is necessary in all calculations using the
“SILH-basis,” otherwise the basis remains redundant.

The lepton-Higgs operators Qg; and Qg; can be removed completely if one assumes
completely unbroken U(3)® flavor symmetry of the UV theory, so that the coefficients of
these operators are unit matrices in flavor space. This assumption was implicitly adopted
in the initial work of Ref. [58] that identified this field redefintion, and it is also adopted in
Refs. |20, 56, 57]. This assumption is stronger than assuming MFV, which only says that the
coefficients of the lepton operators is a function of YJYe, not that it is proportional to the unit
matrix. Ref. [20] computes a few of the anomalous dimensions in the case of a U(3)> flavor-
symmetric BSM sector, in an attempt to circumvent this difficulty. While the assumption of
flavor-symmetric BSM physics can be adopted, it limits the applicability of the EFT. One of
the important features of the SM EFT is that it can be used to test MF'V, but this is only
possible if MF'V is not put in by hand. Many SILH basis results cannot be used to test MF'V
in a straightforward manner, since stronger assumptions than MFV have already been built
into the formalism.

In reducing the SILH operators to the operator basis of Ref. [9], the EOM relations
in Appendix B also include the SM dimension-four operator (H'H)?, which is the usual
A(HTH)? Higgs interaction term. This means that the connection of the two bases also
involves the redefinition of SM parameters. Explicitly, the RGE for the SM parameters also
have contributions from dimension-six operators, as pointed out in Ref. [12]. These effects are
not taken into account in Ref. [20] preventing a comparison of our results with Ref. [20].*

Also note that Ref. [20] advocates retaining redundant operators in intermediate steps
of the analysis. Retaining redundant operators in partial results for an anomalous dimension
matrix introduces spurious gauge and scheme dependence, see the discussion in Ref. [12]. It is
not defined in Ref. [20] how the partial results for the anomalous dimension matrix presented
there can be converted to the full results valid for any BSM flavour structure. This is another
reason we cannot compare our results with the partial calculation in Ref. [20].

4 Minimal Flavor Violation

The SM EFT provides a way to test the hypothesis of MFV in new physics. The SM has a
U(3)° symmetry in the limit of vanishing Yukawa couplings under which

q — Ugq, I — Ui, u — Uy, d — Ugd, e — Uke. (4.1)

The MFV hypothesis [14, 15] is that the only source of flavor violation is the Yukawa matrices,
so that the full theory is flavor invariant if the Yukawa matrices transform as

Y, = UYL U], Yy = UgYaU], Y, = U.Y.U] . (4.2)

4For an example of this effect, see Sec. 5.5, Eq. 5.34.

,13,



If the new physics respects MFV, then the SM EFT derived from it also does. This
assumption severely restricts the dimension-six coefficients. The coefficients of the flavor
invariant operators in classes 1-4 can only depend on the flavor invariants®

Te f(YVY.), T f(Y]YaYiYa), (4.3)

In an EFT setup, the dependence on such invariants can be absorbed into an effective coeffi-
cient.
The ¢?H? operators have coefficients
Cam = | F(Y]Yy, VIV, Y]
dH dtdytytu) by -
TS

L Cun = [V Ya IV Y]] G = [V Y]]

s rs TS

(4.4)

S

where it is implicit that the above functions also can depend on the invariants of Eq. (4.3).
For example, the quark functions can depend on the lepton invariant Tr f (YJYe) and vice-
versa. Analogous formulae to Eq. (4.4) hold for the 92X H dipole operators {Cey, Cep},
{Cuc, Cuw, Cup} and {Cyq, Caw, Cyp}, respectively.

The 2 H?D operators have coefficients

1,3 1,3
O = [rfyayiva) . o’ = [roiv)
Cru = abrs + [Yu FY]Y,, YY) YJ} Oy = abes + [Yd ViYL viv,) v } ,
Crre = adys + Yo VIV Y]] Crrua = [Yu FVYa YY) Y]] 0 @s)

Again, dependence of the above functions of the invariants of Eq. (4.3) is implicit.

Similar expressions hold for the 1)* operators, with coefficients in flavor space which are
products of the cases considered above. As is well-known, one can make U(3)° rotations to
bring the Yukawa matrices into the form

Y. — diag(me, my, m.), Yy — diag(mg, ms, myp), Y, — diag(my, me, my) K, (4.6)

where K is the CKM matrix. At this stage, the masslessness of neutrinos allows for the
diagonalization of Y, and the absence of flavor violation in the lepton sector. The introduction
of neutrino masses can be accomplished in the model-independent spirit of this paper via the
d = 5 Weinberg Operator. This operator is naturally suppressed by a scale higher than A
since it violates lepton number. Assuming this hierarchy of scales, the RGEs of d = 5 and
d = 6 operators are independent and the inclusion of neutrino masses is orthogonal and does
not affect the results presented here.

Since MFV is implemented as a symmetry which is respected by the SM Lagrangian, the
RG evolution of £(% maintains MFV if the coefficients at scale A satisfy the MFV hypothesis.

°In this section, f denotes an arbitrary function, and all the fs do not have to be the same. Some U(1)s are
anomalous, and one also can have dependence on certain combinations of det Y, 4. and the 0 angles [59-61].
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In this case, the flavor structure of £(9 is the same as corresponding amplitudes computed
from loop graphs in the SM. However, it is important to emphasize that the assumption of
MFV does not imply that the coefficients of 1)2H?D and 1* operators are proportional to
the unit matrix, which is a stronger assumption that requires that the functions f have a
perturbative expansion in Y with small coefficients. In view of Eq. (4.6), this expansion in
powers of Yukawa matrices can be justified for off-diagonal elements inducing flavor violation,
as customary, but not for the diagonal entry of the third generation, see Ref. [62]| for some
discussion on this point.

One of the important applications of the SM EFT is to test the hypothesis of MFV in
BSM physics in a model-independent way. Interestingly, the full SM RGE transfers flavor
violation in one set of operators to other operator sectors. Testing the consistency of MFV in
low-energy measurements, taking into account the full SM EFT, is important for increasing
our understanding of the flavor structure of new physics. A quick look at the anomalous
dimensions in Refs. [10, 12] and Appendix C should convince the reader that any flavor ansatz
not based on a symmetry will not be preserved by the RGE.

5 Phenomenology

In this section, we outline the generalization of the analysis of observables measured at the
electroweak scale from the SM to the SM EFT, and how the full one-loop RGE for the
dimension-six Wilson coefficients measured at a low scale ~ v can be used to obtain the Wilson
coefficients at the high scale A. An important point we emphasize is that if constraints at
the scale v are to be mapped to a high scale BSM theory, then all corrections of the order
v?/(16 m2A?) in the SM EFT have to be included in the analysis. Otherwise, the analysis is
inconsistent.

Our aim is not to perform a precision analysis, but to simply outline some issues that a
precision Higgs and electroweak phenomenology program should take into account, and how
the one-loop RGE result aids in this program. Some aspects of how the SM EFT modifies SM
phenomenology have been discussed previously in Refs. |20, 56, 63, 64] and other works. How-
ever, many aspects of how the SM EFT affects precision predictions have not been discussed
in detail before, and we outline some of them below.

The Lagrangian of the SM EFT is

L=Lsy+ L0+ (5.1)

where the ... denote operators of dimension greater than six suppressed by additional powers

6)

of A. The dimension-six terms £ can be treated perturbatively, i.e. we only need to include

these to first order, since second-order contributions from £(®) are as important as first-order
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contributions from £®), etc. The SM Lagrangian is

1 _
Lom = —ZGZ‘,,GAW - 4WJ,,WIW — BuwB" + (D,HYDIH)+ > iy
¢:q7u’d’l7e
1 .\2 ., . .
-\ (HTH - 2v2> ~ [H“de ¢+ H9aY, q¢; + HUeY, l; + h.c.] : (5.2)

and £ is defined in Eq. (2.1). We start by discussing the modification of the SM parameters
at tree-level due to £(©).

5.1 Higgs mass and self-couplings

The dimension-six Lagrangian of the SM EFT alters the definition of SM parameters at tree
level in a number of ways. The operator Qi changes the shape of the scalar doublet potential
at order v2/A? to

1,\? 3
V(H):)\(HTH—QUQ) _Cy (HTH) , (5.3)
yielding the new minimum
v? 3CHv? 1
H'H)=— (1 = o2 4
i = (14250 ) = G (5.4

on expanding the exact solution (A — /A2 —3CyAv?)/(3Cy) to first order in Cp. The shift
in the vacuum expectation value (VEV) is proportional to Cyv?, which is of order v?/A2.
The scalar field can be written in unitary gauge as

1 0
H=— , 5.5
\/§<[1+CH,kin]h+UT> (5:5)
where
1 2
CH kin = (CHD - 4CHD) v?, vp = <1 + SC;KU ) v. (5.6)

The coefficient of h in Eq. (5.5) is no longer unity, in order for the Higgs boson kinetic term
to be properly normalized when the dimension-six operators are included. The kinetic terms

£ = (D HYD'H) + Cyey (HH) O (HH) + Cyp (HTD“H>* (#'D),  (57)

and the potential in Eq. (5.3) yield®

3C V2
2

£= 5 (0u)? = R (129, + 20h(D,h)?) — Ao (1 -
(¥

+ 20H,kin> h2
T

5CHv? 3 1 15Cgv? 4 3 5 1 6
— 1— . —)2l1= 4 . Z Z
Avp < 2 + 30H,k1n> h 4)\ 2\ +4cyin | BT+ 4CH’Uh + SCHh ,
(5.8)

50ne can always replace v by vz in terms that depend on the £© coefficients, since the change is order

1/A%.
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for the h self-interactions. The Higgs boson mass is

1— 3CHU2

2 2
=2 2 in | - .
mg )\’UT ( o\ + CH,k > (5 9)

5.2 Yukawa couplings

The definition of the fermion mass matrices and the Yukawa matrices are modified by the
presence of Y2 H? operators. The Lagrangian terms in the unbroken theory

‘C == |:HTde [Yd]rs q]5 + ‘FIT]HT [Yu]rs q]5 + ‘Ht]ér D/@]rs l]5 + hC:|
n [C;H (HU{) HYiduq;s + Cly (HTH) HY9%,q5, + C2y (HT H) H'Yie,1;, + h.c.] . (5.10)

yield the fermion mass matrices

[My),, = % <[Y¢]m — ;v20%§> , Y =u,d,e (5.11)
in the broken theory. The coupling matrices of the h boson to the fermions L =—-huw)Y q+...
are

1 3 2 vk
D}w}rs = \ﬁ [Y@Z}L«S [1 + CH,kin] - 2\7@’0 Clég
= My, 1+ e ]—ﬁC* Y =u,d,e (5.12)
o (e[ el =5 Clgre 0 =

and are not simply proportional to the fermion mass matrices, as is the case in the SM. In
general, the fermion mass matrices and Yukawa matrices will not be simultaneously diagonal-
izable (these parameters have different RGEs), so that the couplings of the Higgs boson to
the fermions will not be diagonal in flavor due to terms of order v?/A2.

5.3 Grp

The value of the VEV in the SM is obtained from the measurement of Gr in y decay, = —
e~ + ¥e + vy,. Define the local effective interaction for muon decay as

4
Lop = =5 (57" Pun) (€ Puve). (5.13)

The parameter Gr is fixed by measuring the muon lifetime. In the SM EFT,”

AGr 2 ( ) 3) . A
———=—=+\Cy +Cy |-2[C} +C . (5.14)
V2 U% peept ejijie 1;161 {t{u

The Cy terms are from the four-lepton interaction in £(8), and the Cg’l) terms are from W

exchange, where one Wliv vertex is from the QS? operator, and the other is the usual SM

"e and p are generation indices 1 and 2, and are not summed over.
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vertex. There are contributions to p decay from C' ;; , and C ;; with r # e, s # pu, as well
pers rsue

as from (LL)(RR) currents, but these do not interfere with the SM amplitude, and their
contributions to the muon lifetime are higher order in 1/A.

Similar expressions hold for other weak decay processes, and Gg in 7 decay, or in quark
decays, can differ from p decay due to the Cj and C’g’l) terms.

5.4 Gauge boson masses and couplings

The definition of the gauge fields and the gauge couplings are affected by the dimension-six
terms. The relevant dimension-six Lagrangian terms are

LY = CyeH HGH,GM + Cyw HT HW], W™ + CypHYH B, B" + CywpH T HW ., B"
+ CafAPCG GGt + ow e KWWl ew K (5.15)

In the broken theory, the X?H? operators contribute to the gauge kinetic energies,

1 1 1 1 1

Loy + L£O) = fiwj,, wH — ij’y Wi — B B — ZGZ‘,, GAW 4 50% Cue G, G,
1 1 1

+ 51}% Caw W, Wi + 51}% CrpBu,B" — 57}% CrawsWS,B", (5.16)

so the gauge fields in the Lagrangian are not canonically normalized, and the last term in
Eq. (5.16) leads to kinetic mixing between W3 and B. The mass terms for the gauge bosons
from Lqy and £ are

1 _ 1 1
L= Zg%U%WJW B4 év%(ggW;’ — ngu)2 + EU%CHD(ggWi - ngu)Q. (5.17)

The gauge fields need to be redefined, so that the kinetic terms are properly normalized
and diagonal. The first step is to redefine the gauge fields

Gi =G, (1+Cuevy), Wi=W\(1+Cawvi), Bu=B,(1+Cupvz). (5.18)

The modified coupling constants are

95=95(1+Cucvt),  Goa=¢(1+Cuwvi), G1=g1 (1+Cupvi),  (5.19)
so that the products ggGﬁl = gggﬁ‘, etc. are unchanged. This takes care of the gluon terms.
The electroweak terms are
1 1 1 1 1_ _
L=—W, W - ng,, WY = 1B B = 5 (vFCrws) Wi, B* + Zgg%%ij #
1 1
+ gv%(%WZ’ —-9.1B,)° + EU%’CHD(%WZ) LN (5.20)
The mass eigenstate basis is given by [65]
WE: _ 1 —% v% CHWB COS@, Sin? ZM (5.21)
B, —%’U%CHWB 1 —sinf cosf | | A, |’
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where the rotation angle is
- 2 — 2
tanG:%—kv—TCHWB |: —g1:| , (5.22)
so that
_ — 2 — -2 =2
sinf= L [H“T g2 9~
V31~ + 92 91
— 2 = =2
VI1©t 92
The photon is massless, as it must be by gauge invariance, since U(1)q is unbroken. The

W and Z masses are

— 2.9
2 _ 927 Vp
My =

1
M = f(gﬂ +92%) + év%CHD@E +92%) + évé‘fﬁlﬁzcﬂwa (5:24)
The covariant derivative is
D,=0,+i \g/% WIETH + W, T +igy [T5 —5°Q] 2, +ieQ Ay, (5.25)
where @Q = T3 + Y, and the effective couplings are given by
€= \/g‘gg;gfzgq? [ — g22gl—&:qi]12v%CHWB] =Gy sinf — % cos 0 Gy v% Crw B,

92> + 91
2 sin?f = 9, 7192(92% — 71°)
s =smv="53 — 2 — 22
92" + 71 (91° +92°)

S - — 2, -2
e 9192 2 . e [ 91"+ 392 o

= + + ————=——v5Cywn = — |1+ =—v7CpywnB| ,
9z J2m T g [HWE sin 0 cos 6 24,99 THHWE

v4CHWB. (5.26)

The p parameter, defined as the ratio of charged and neutral currents at low energies [66], is

T2 M2
92 Z 1,
== 2 =14+ —v5Cxp. 5.27

Measurements of the W and Z masses and couplings, and the photon coupling fix g,, g5, v,
Cpywp and Cgp. The couplings of the gauge bosons to fermions are also modified, and a
recent discussion can be found in Ref. [67].

5.5 RGE for CH7CHD70HD

The discussion in Sections 5.1-5.4 studied the impact of higher dimensional operators on the
measured SM parameters at tree level. The coefficients Cgp, etc. of the higher dimension
operators that enter the expressions are renormalized at the low scale, and are related to the
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parameters at the high scale A by the RGE. As mentioned earlier, the RGE contributions
are the same as the log A/mpy enhanced contributions from the finite parts of the one-loop
diagrams.
The RGE for Cy, Cyp and C'yn which enter the Higgs and gauge Lagrangian are
9 , 27

Cy = (108A +6Y(9) - 591 - 293) Cu — 12g1y;, (491y; + 95 — 4\) Cug

— 393 (49%y} + 393 — 12)) Cuw — 6g192yn (493y7 + g5 — 4\) Cw i

3
= 5 ((4yhai +93)" + 8(g3 — 4g1¥i)A = 64X%) Crip

40 1692\
+ (93X — 120%) 0o + g"‘ C) + 16g3ACS) + 8A(my + 112)

tt tt

—4 ([Yeyjye]wvceH + 3[YaY ) YalwoCarr + 3[Ya Yy ValuwwCunr + h.c.> , (5.28)

: 16 20

Cyoy = <_3 y2 g% —Ag3+ 24N+ 4Y(S)> Cro + 203 C}3) +2g3N.C5) + 3 91 ¥i Cup
tt tt

497 yn

T3

u

(NC Y CHa +ye Crre + 2y, O} + 2Ney Clp) + Ncyucg)> —2ns,  (5.29)
tt tt tt

9t yi Cuo

: 10 9 80
Cup = <—3 i g + §g§ + 12X\ + 4Y(S)> Crp +

16 g7
+ % (Nc Ya Crra + Ye Cre + 2y, Ol + 2Ney Chy) + Ncyu(]gi) —2n4,  (5.30)
tt tt tt

where 71 2 3 4 are defined in our previous paper Ref. [10]. The precision electroweak parameter
T is Cyp, so these RGE are also used in Sec. 5.11. Note that the dimension-six operator
coefficients from the operators in parentheses on the second lines of Egs. (5.29) and (5.30)
drop out of the running of the combination (Cyg — Cyp/4) appearing in cg yin. The RGE
for Cywp is given in Sec. 5.11.

The RCGE in Egs. (5.28)-(5.30) depend on other coefficients in £®). If the scale A is a
few TeV, the RGE can be integrated perturbatively, so that

1

Clu) = CN) = 15

A .
~vo In m +... where C=9c, (5.31)

and the ... are part of the leading-log series 7(2] In? A /i given by exact integration of the RGE.
The InA/p terms in Eq. (5.31) must be the same as the Inp terms in the finite parts of the
one-loop graphs. Thus the anomalous dimensions are another way of computing the In A/
enhanced terms in the finite parts of the one-loop graphs.
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56 h— ff

The decay of the Higgs boson into fermions is another important test of the symmetry breaking
structure of the SM. Define the effective coupling ) of the b quark to the Higgs by Lyu =
—Y, h bb. The decay width is given by

- 2 N, 2\ 3/2
T(h — bb) — 2o "1 Ne (1 - 4mb> , (5.32)

2
81 miy

where all parameters are renormalized at u ~ mp.

In the SM, the effective coupling of the b quark to the Higgs field can be predicted
very accurately. The b-quark mass can be determined very precisely from global studies of
B — X.(v and Xgv [68], and then used to determine the b-quark Yukawa coupling at the
scale mpy using the SM RGE. The relation )}, = v/2m;/v between the Higgs coupling and
quark mass is modified in the SM EFT, and is given by Eq. (5.12), with Y, = [Va]ws, and the
relation between v and G is modified as in Eq. (5.14) due to tree level effects from £(0).

The scaling of parameters from m; to my is also modified. The dimension-six operator
contribution to the one-loop running of the effective coupling of the SM Higgs to fermions is

given in Ref. [12]. We repeat the result for the down quarks here for the sake of completeness.®
The running of the Yy is modified by the terms
d m? 1 3
N@[Yd]rs = 16H2 |:3CdH CHD [Yd]rs + C'HD [Yd]rs [Yd]rt <C%; + 301(;[31> - Ci[;l[Yd]ts
* 1 8 *
- [Yu]tsCHud —2 (C(q¢)i + CF,3C(q31 > [Yd]tp + Cledq[ L‘[) + N, nguz]d[ ]tp
tr psrt psrt ptrs ptsr
1 1)* 8)* *
+3 (qu’;)?f - cF,gcin%g> [mpt] . (5.33)

These terms are of order v?/A?, and are just as important as the running of the Cypm and
cH kin contributions in Eq. (5.12), and must be included for a consistent calculation.

The net effect of including the RGE in Eq. (5.12) and Eq. (5.33) is to introduce a shift of
the form

_ AV, )2 N, 2\ 3/2
T(h = by = S+ AN ma <1 - 4”@) : (5.34)
8T miy
where the running effects induced by new physics are included in AYy:
AYy = I 1o (T C+—210 (ﬁ)c (5.35)
bT T6m2 B\ my )T T6R2 BUA )T '

8Note that the usual one loop running of the SM parameters summarized in Ref. [69-71] should be added
to this result for the full scale dependence of these effective couplings in the SM EFT.
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The expression for 'y is obtained by setting r = s = 3 in the expression in square brackets
on the r.h.s. of Eq. (5.33). The expression for Cs is

1
©2V2)

where the anomalous dimensions Cyr, Cup, and Cyy are given in Egs. (5.29), (5.30) and

EC;H (5.36)

C.
2 A4l

. 1.
[Yals3 <CHD - 4CHD> —

Sec. C.5 respectively. Note that as we are considering A ~ TeV, the log enhancement is
modest and of about the same size for running from myp to mpy and from A to mpg. The
log(mgr/myp) contribution in Eq. (5.35), and analogous terms in other amplitudes, have been
neglected in Ref. [20], and need to be included for a consistent calculation including 1/A2
RGE effects.

The discussion above also applies to Higgs decays into other fermions, such as c¢¢ and
7777, Using newly developed charm tagging techniques [72], it may be possible to measure
deviations in I'(h — ¢c¢) at the LHC (see the discussion in Ref. [73]).

There are also flavor-changing Higgs-fermion couplings from £(® which contribute to
flavor-changing Higgs decays, such as h — bs. These do not interfere with the SM Higgs
amplitude, which is flavor diagonal, so the flavor-changing decay rates are order 1/A*. Nev-
ertheless, as the running of Cepr, Cyg and Cyp is not the same as the running of the SM
Yukawa couplings, searches for Higgs flavor violation is well-motivated. For some recent work
on this subject, see Refs. 74, 75].

57 h—WW and h —» ZZ
The h — WW and h — ZZ amplitudes receive direct contributions from £ . The relevant

CP-even Lagrangian terms are
1
L= (D,H)(D'"H) — 1 (WL W™ + B, B"™),
+Cuw Quw + Cup Qup + CuwpQuws + Cup Qup, (5.37)

which lead to the interactions
1_
£ =182 vrh [(Wa)* + OV [L+ emaan] + Caworh [(Wy,)* + V)’ (5.38)
for the W, and

1 1
L= 1@22 + 912 orh(Z,)? [1+ crkin + U%CHD] + iﬁlygv%h(Z#)QCHWB
92°Crw +9,°Cup + 9192CHWB>

722 + 9,2

+vrh(Zuw)? ( (5.39)

for the Z.
A ratio of deviations in the SM gauge boson coupling to the Higgs, reported in [76], is
defined as
Ny = Dh—>WW) T'(h— ZZ)sm
I'(h—WW)sy T'(h— Z2)

(5.40)
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From Egs. (5.38,5.39), we see that ¢y yin cancels out in Ay z, but there are corrections from the
Higgs-gauge operators Cgw, Cygp and Cywp. This correction depends on the off-shellness
of the W and Z, since it is proportional to the field-strength tensors, and thus momentum-
dependent. In the SM EFT, the ratio Az depends on the £ parameters Crw, Cup
and which are not custodial SU(2) violating, as well as Cywp and Cyp which are custodial
SU(2) violating. The couplings of the gauge bosons to fermions are also modified. For a
recent discussion on these corrections in this basis see Ref. [67].

5.8 gg—h

The Higgs-gluon operators Qua and Q5 contribute to the Higgs production rate via gluon
fusion. The £ contribution to gg — h is important because the SM amplitude starts at one
loop order, with no tree-level contribution. A similar enhancement of £ corrections occurs
for h — vy and h — vZ discussed in the next two sections.

Define €, and ‘Kzg by rescaling Cry and Cp s by gs,

Crc = 9:%(599 CH(; = ggcggg . (5.41)

The scaling by g3 simplifies the RGE, and makes contact with the notation of Refs. |13, 77|
which uses
cq > ca

K 0= Tape

(5.42)

since a factor of —1/(2A2) was included in the normalization of the operators. The other
advantage of the rescaling is that the field and coupling constant renormalizations Eq. (5.18)
and (5.19) cancel out.

The change in gg — h relative to the SM is given by [77]

2 2

167721)2‘599
19

167721)2(599
T9

olgg—h)  T(h—gg)
oM(gg — h) — TSM(h — gg)

~ ’1 + (5.43)

where 19 ~~ 0.37 is the numerical value of a Feynman parameter integral[77, 78]. We have
neglected corrections from cp in and the Yukawa couplings Eq. (5.12) which are v? / A%, but
not enhanced by 1672, If ©4g from BSM physics is loop suppressed as in the SM, then these
terms must be included.

The complete one loop RGE of €, and ngg are relatively simple,

o = <m £V (8) ~ g - 39%) Gpo—2 <[Yd]m<ggg + Voo + h.c.)
Coo = <12A +2Y(5) - ggf - 293) Cog +2 <i[Yd]wU<€gg +ilYulwbuc + h.c.> (5.44)
where
Cug = g g~ g (49
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are rescaled coefficients of the color magnetic dipole operators, and
Y(5) =T [NCYJ Yo + NY[ g + YJYe] : (5.46)

The Higgs-gluon contributions in the first term of Eq. (5.44) were computed in Ref. [13]. The
only new contribution from the full RGE is the second term from the color dipole operators
which was also calculated in Ref. [19] for the special case of no flavor indices, and with only
a non-zero top quark Yukawa coupling.

59 h—yy

A very important process is b — 7y, which played a key role in the discovery of the SM scalar.
Again, it is convenient to define

1 1 1
Cyvy = 5Caw + 5Cup — —Crawa, 5.47
g3 93 9192 (5.47)

in terms of which our previously defined coefficients [13, 77| are

c ~ c
%y = _#7 Gy = _#. (5.48)

The h — 7y rate is

2 2

2,20
8T v C

= (5.49)

L(h—=yy) 14 81202 E,
ISM(h — yy) — 4

where 17 ~ —1.65 is a Feynman parameter integral [77, 78]. Again, as in the gluon case,
we are dropping otherv?/A? terms that must be included if ¢~ from BSM physics is loop
suppressed.

The effective amplitude is

o€ Fluy F* hv (5.50)

where

e e
9 cos Oy 92 sin Oy ( )

are the definitions of e and 6y without a bar. These differ from the coupling constants in
Eq. (5.19) (with a bar) at order 1/A2.
The complete one-loop RGE is

9

5 § 2 J 2 2 CHWB
(gfy»y = (12)\ 291 292 + QY(S)) (g,w + (8)\ 692) 9192

- 1892CW + (4cgd'y [Yd]sr + 4%?; [Yve]sr - 8(5‘;’8}’[Yu]sr + h.C.)v

~ 3 9 ~ C,
€y = 12)\22+2YS><€ + (8)\ — 6g3) —HWE
Yy ( 291 292 ( ) Yy ( 92) 9192
— 18920ﬁ7 + (—4’L'<fd-y [Yd]sr — 4icgiz[yé]sr + 8@651;:! [Yu]sr + h.c.). (5.52)
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The first line of each equation is the contribution from the 8 x 8 submatrix of Higgs-gauge
operators computed in Ref. [13|. The second line gives the additional terms including all 59

operators. There are contributions from the triple-gauge operators
Qw = KW lrwlrw ke, Qg = KW lrw e wkn (5.53)

and the dipole operator coefficients defined in Sec. 5.13.
This result is the first truly complete one-loop result of the RGE running of €.

510 h—~Z

The measurement of h — «v Z at LHC has not yet reached the sensitivity required to observe
the SM rate [79, 80]. Nevertheless, this process is interesting in several BSM scenarios be-
cause a suppression of BSM effects in h — v+, gg due to a pseudo-Goldstone Higgs does not
necessarily imply a suppression of BSM effects in h — v Z (for a recent discussion see [81]).
We define the effective Wilson coefficient in this case to be

1 1 1 1
Cyz = ——Cupw — —CuB — < - ) Cuawg (5.54
7 g9 9192 291 293 )

so that the modification of the decay rate is
~ 2
2 87?21)2‘572
Iz

I'(h —~2)
I'SM(p — ~Z)

87721)2‘57Z
IZ

(5.55)

~ ‘

I? ~ —2.87 |77, 78], again neglecting v?/A? terms due to cpkin, etc., and our previously
defined coefficients are
__59z s _ Sz
cg’yz — —w, (g»yZ — _W (556)
The one loop RGE results for the CP-even term

1
Cyz = 5 o8¢ Ow sec GW{(Q cos 20w + 1) [Yalwo€ay + (2cos 20w — 1)[Ye]woCey

— (4 cos 20y — 1)[Yu]wv<€;ﬂ) + h.c.} + 2 <[Yd]wv(gd2 + D/e]wvcgez — 2[Yu]wv<5uz + h.C.)

VW VW

22 1 2
+ <12/\ +2Y(S) — e+ —962 sec? Oy — 3062 csc? 0W> Cyz

3 3
2
Crwa

+ (662 — 4e? csc? Oy + 4 cos 20W) csc By sec Oy o (5.57)

11 3 33
+é? (3 cos 20y — 10> csc Oy sec Oy €y + € < sec Oy — > cot By csc 9W> Cw

The RGE for Cng is given by the substitution Yy, — —iYy, €,z — C%Z, Coy — ng, Cw —

C=, and CHWB —C

w? v @s for the gg and yy amplitudes.
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5.11 Electroweak precision observables

We are assuming A is parametrically higher than the EW scale v, so the usual S, T and U
parametrization [82-85| of the oblique electroweak precision data (EWPD) can be used. An
operator based analysis of EWPD was first developed in Ref. [65]. The standard operator
based approach identifies the S parameter with the operator Qgwp, and the T parameter
with the operator Qgp,

_ 16 7 v?

g1 g2

1 1
S Caws, T = —2mv? <2 + 2) Cup . (5.58a)

g1 92
A shift in the definition of v is order 1/A* for this expression, and we neglect this effect. The
U parameter corresponds to the dimension-eight operator (HTW#YH)(HTW,,, H), which we
neglect. A fit that treats mj, = 126 GeV as an input value [86] to EWPD finds S = 0.03+£0.10
and T'= 0.05 + 0.12 with a correlation coefficient between S and T of 0.89.

S and T depend on Cywp and Cyp evaluated at the weak scale. The RG evolution of
Cyp is given in Eq. (5.30), and the RG evolution of Crwp is

) 4 19
Cuwp = (4)\ +2Y(S) + 593 + 39%) Crws + 29192 (Caw + Cug) + 39195Cw

+ g2 <3[Yu]vauB - 3[Yd]vadB - [Yve]vaeB + hC)

LW rw

+ 0 <5[Yu]vauW + [Yd]qudW + S[XQ]MQ,W + h.C.> . (5.59)

The T parameter is usually interpreted as a measure of custodial symmetry violation,
whereas the S parameter is considered to be sensitive to the difference between the number
of left-handed and right-handed fermions. Interestingly, the SM EFT one loop RGE does not
mix the operators Cygwp, Crp. However, this does not follow from custodial symmetry. The
SM violates custodial symmetry in g; interactions, and through mass splittings of the SU(2)y,
doublets. If we take the limit Y; — Y, Yo — 0 and y4 — vy,, then y, — 0 from Eq. (2.9). In
this limit, the standard model preserves custodial SU(2), as does the RGE. This provides a
non-trivial check of our results.

The consequences of the RGE for precision electroweak parameters was studied in Ref. [13].
The RGE allows one to compute the In A/my contribution to these observables, which was
computed previously in the broken theory [28-30]. Our computation agrees with their results
for the terms they computed, but has additional effects (e.g. due to the top quark Yukawa)
which were not in the previous results.

5.12 Triple gauge boson couplings

Another promising source of information on EW interactions are triple gauge couplings (TGC).
For some recent studies on the phenomenology of these measurements see Refs. [57, 63, 87, 88].
Some of the scale dependence of the operators involved in this process (in another basis) has
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been determined [89, 90]. In the basis used here, only the operator Qy directly contributes to
TGC measurements. (Other contributions come about indirectly due to field redefinitions.)
The full RGE of the Wilson coefficient of the operator @y has the simple form

. d /C C
Cw = (24 — 3bg2) g5Cw,  or b (g) = 24g3 (gév) , (5.60)
where b2 is the first coefficient in the go S-function. The triple gauge boson operators do
not mix with any other dimension-six operators. This multiplicative renormalization can be
largely understood using the results of Ref. [11]. Consequently, TGC measurements provide
a very clean probe of this dimension-six operator.
Recently, Refs. [91, 92] have shown that the decay spectra of the three-body decay
h — V4T ¢~ are particularly rich sources of information on the possible effects of anoma-
lous couplings of the Higgs boson, and BSM contact interactions. The full decomposition of
the modification of the V £ ¢~ decay spectra in the operator basis used here was given in
Ref. [67], which shows that the relevant terms depend on the coefficients Cyw g, Cyp, Caw,
CuB, C}ﬂ, C’?H, CHe, as well as the coefficient cp in which only modifies the total decay rate.
It has been argued that TGC measurements probe the same physics as h — V £+ (~
decays [57] in the SILH basis. This claim comes about by arbitrarily setting the operator
Cw, which is present in the SILH basis, and in the analysis in Ref. [57], to zero. This
operator contributes to TGC measurements, but not to h — V £ ¢~ decays at tree level.
It is by using this arbitrary choice that Ref. [57] claims a strong relationship between these
experimentally measurable quantities. This makes the results in Ref. [57] model-dependent,
and not general. For example, the exactly solvable model of Ref. [93] produces Cy but no
Higgs-lepton operators. In the non-redundant basis of Ref. [9], TGC measurements are also
not related to h — V £1 £~ decays since the combination of Wilson coefficients that contribute
to the two processes is not identical. Measurable results are basis independent, and model
independent results do not arbitrarily set operators to zero, as was done in Ref. [57]. We
disagree with the conclusions of Ref. [57] which are stated as broad, model-independent,
conclusions.

5.13 i — ey, magnetic moments, and electric dipole moments

The lepton dipole operators
L= Cew lra0™es Tl Hy W, + Cep ly.aHao" €5 Hy By, + h.c. (5.61)
TSs rs

contribute to radiative transitions such as g — ey which is a remarkably clean window to
physics BSM. In the broken phase, Eq. (5.61) gives the charged lepton operators

ev
= 72(553 e,o"’ Pres ij +

L=

%%Z 2.0 Preg Zuy + hoc. (5.62)
s
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where 7 and s are flavor indices ({ec, ey, e-} = {e, u, 7}) and

1 1 1 1
Cge’Y = —ULCeB — —LeWw (geZ = _7C€B - 7CeW
s g1 rs gz rs s g2 rs g1 rs
1 1 1 1
Ciy = —Cap — —Cyw Gz = ——Cyp — —Caw
rs g1 rs g2 rs s g2 rs gir rs
1 1 1 1
Guwy = —Cup + —Cuw Cuz = ——Cup + —Cuw (5'63)
rs g1 rs g2 rs rs g2 rs g1 rs

Cuw has the opposite sign for u-type quarks in Eq. (5.63) because of the opposite sign for
T31,. The RGE for €., is

. 9 1
Cey = {Y(s) +e? (12 1 csc? Oy + 1 sec? 9W> } Gey

1
+ 2%@7[}/6}/:{]1,3 + <2 + 2 cos? Qw> [Yj}/e}rw(gefy + e? (12 cot, 29w) Con
v ws

s

— (2 sin Oy cos Qw) [YETYE]M,%@Z — cot GW[Yj]rs (CHWB + iCHWB)
+ 4e%[Y ], (ng + z%z:w> + €2 (cot By — 3tan Oy ) [V ], (‘sz + 2‘%2)

+16[Yu]wsC - (5.64)

rsvw

The current experimental limit [94] on BR(u — e7) is 5.7 x 1071 from the MEG experiment,
which implies

\/;m ey S 2.7 107 Tev (5.65)

at the low energy scale pu ~ m,,.
The lepton Yukawa couplings are diagonal in the mass eigenstate basis, so the u — ey
transition amplitude depends on €., 6.z and C ®)  The bound Eq. (5.65) implies

lequ*
Te® < 14x 1070 Tev? (5.66)
€ pett

using the estimate In(A/my)/(1672) ~ 0.01 for the renormalization group evolution, and

assuming that this term is the only contribution to ey at low energies.
e
The anomalous magnetic moment of the muon is

4m,v
day, =[] \/% Re%e (5.67)

which yields the limits

ICrws| S06TV ™2 |6 SATV 2, 'mtRe cd STV (5.68)
My pptt
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assuming that each of these is the only contribution to %ey.

e
The bound on the electric dipole moment of the electron translates to the limits

O] S 2x 1073 Tev 2, ‘%y‘ <2x 1072 TeV 2, ’:Ztlm Clequ| <3 x 107 Tev—2,
e eett

(5.69)

using the recently measured upper bound [95], d. < 1.05 x 10~%7¢ cm from the ACME collab-
oration, again assuming each of these terms is the only contribution.

6 Conclusions

This paper completes the full calculation of the one-loop renormalization of the dimension-
six Lagrangian of the SM EFT. We present all of the remaining gauge terms in the 59 x 59
anomalous dimension matrix of the baryon number conserving operators. The anomalous
dimension matrix of the dimension-six baryon number violating operators have been computed
in Ref. [96].

Many of the results are lengthy, but a few important cases such as gg — h, h — vy and
h — vZ have simple RG equations which are given explicitly in this paper. We have computed
the modification of the Higgs mass, self-interactions, and couplings to fermions and gauge
bosons from £ . The dimension-six terms change the relation between the Higgs vacuum
expectation value and G, and also contribute to the p parameter. The RGE improvement
of all of these relations is now known, and will be useful for future precision studies of the
SM EFT. A complete analysis of the SM EFT is a formidable task, because £ has 2499
independent parameters.

We have also discussed how the SM EFT provides a model-independent way to test the
MFYV hypothesis, and how the full SM EFT RGE mixes flavor violation between the different
operator sectors. A few applications of our results have been given in this paper.
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A Flavor representations and parameter counting

In this appendix, we briefly discuss the flavor representations of the operators, and the pa-
rameter counting of Table 2.
Operators in classes 1-4 have no flavor indices, and the counting is trivial.
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Class 5 and 6 operator coefficients are ng, x ny complex matrices M, in flavor space,
with ng complex entries. The real matrix elements give the ng C P-even parmeters and the
imaginary matrix elements yield ng C P-odd entries.

Class 7 operators, other than Q) 7,4 are hermitian, so their coefficients are nyxng hermitian
matrices H,; in flavor space, which can be written as H,.; = S,s + i4,s, where S is real-
symmetric and C' P-even with n. = ng(ng+1)/2 parameters, and A is real-antisymmetric and
CP-odd, with n, = ng(ng — 1)/2 parameters. Qfryq, which is not hermitian, is an ng x ng
complex matrix with ng C P-even and ng C P-odd parameters.

The four-fermion operators in Class 8 are the only non-trivial case. The (LR)(RL) and
(LR)(LR) operators are not hermitian, and each has n‘gl C'P-even and n;} C'P-odd parameters,
since the operator has 4 independent flavor indices. The (LL)(RR) operators are the product
of L and R currents, each of which has n. CP-even and n, C P-odd components, for n2 + n2
CP-even and 2n.n, CP-odd terms. The counting for (LL)(LL) and (RR)(RR) operators
when the currents are different, Ql(;’g), Qeu, Qed, Qild’g), is the same as for the (LL)(RR)

operators. The interesting case is for Qy;, QEI}I’3)7 Quu, Qgqq where the two currents are identical,
so that all four flavor indices transform under the same SU(n,) flavor group. The operators
transform as the —|— 1+ adj+ adj +aa + 35s where adj is the adjoint representation, @a is the

representation T[%] antisymmetric in the upper and lower indices, and ss is the representation

T ((g)) symmetric in the upper and lower indices.” The @a representation vanishes for ng = 3.
The singlet has one CP-even parameter, the adjoint has (ngy — 1)(ng + 2)/2 C'P-even and
ng(ng — 1)/2 C'P-odd parameters, aa has ng(ng — 3)(n§ + ng + 2)/8 CP-even and ny(ng —
3)(ng—1)(ng+2)/8 C'P-odd parameters, and §s has ng(ng—1)(ngs+1)(ng+2)/8 C'P-even and
ng(ng — 1)(n§ + 3ng — 2)/8 C'P-odd parameters. The operator Q.. is a special case, because

of the Fierz identity

(epvuer)(Esyuer) = (Esyuer)(Epyuet), (A.1)

which implies that the operator must be symmetric in the two e indices and in the two e
indices. This identity does not hold for the other fermions, because they have SU(2) or color
indices. Qe transforms as 1+ adj + 5s because of the Fierz identity.

Adding up the individual contributions gives Table 2.

9The relevant group theory results can be found, for example, in Refs. [101, 102].
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B Conversion of P, operators to the standard basis

The equations of motion can be used to express the operators P; in the standard basis. The
identifications are

1 1 1 1
Pp = ~yngiQuo + 293ynQup + - gi [yngfz + yletIte + quLQ + ythtrtu + Ydeztd ,
tt tt

2 2
_ 35 122HTH2 202\ Lol 3 (3)
Pw = ZQQQHD - §g2mH( )"+ 295MQn + 192 Qlél + Q};jtq
1
+ 59% <[YJ]rsQuH + [YdT]rstH + [YveT]rsQeH + hC) ’
s rs TS

1 1 1
Pup = §Q%YhQHD +293ynQup — QYhQ%QHB - ZglngHWB

1 1 1
+ 591 [w%? +YeQue + YqQEqZ + YuQHu + YdQHd} )
tt tt tt tt tt

2
3 1 1 1 1
Puw = ZQ%QHD - §g§m%1(HTH)2 +2037\Qp — ZggQHW — SYr9192Qmw B + Zg% [Qgg + ng]}
1
+ 595 <[YJ]7”SQUH + [YdT]rstH + [Yj]rsQeH + hC) R
rs s rs
Pr = —Quo — 4QHuD. (B.1)
C Results

The renormalization group equations by operator class are given below. The complete RG
equations for the dimension-six operators are given by adding Eqgs. (6.1)—(6.4) of Ref. [12],
the equations in the appendices of Ref. [10] and the equations given below. Egs. (4.3)—(4.5)
of Ref. [12] give the renormalization group evolution of SM couplings due to dimension-six
operators.

The parameters 7;_5 are defined in the appendix of Ref. [10]. Some equations use g,
defined by

4 8

§B = 3V (Cao + Cup) + 3 QYICEI) + QYchC,(n}; + YeCIt{te + yUNch{tu + YchCI;Itd (C.1)
tt tt

The other parameters are c42 = 2, cpa = 3/4, ca3 = Ne, cp3 = (N2 —-1)/(2N,) with N, = 3,

b071 == —1/6 - 20ng/9, bo’g == 43/6 - 4ng/3 and b073 =11- 4ng/3

c1 X3

Ca = (12ca;3 — 3bo3) 95CG Cg = (12ca;3 — 3bo;3) 95C

CW = (12014,2 — 3b072) g%CW CW = (126,4,2 — 3b072) g%CW
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c.2 HS

. 27 , 9 40 3 2
Cy = <_2gg _ 2g%> Cr + A [3g§CHD + (—6g3 + 24g7y7) CHD} — 5 (4igi +3)" Cup

+ 12X (3¢5CHw + 463y Crp + 291920 Crw ) — (1263 93y3 + 995) Crw
] 16 3 3
— (4891ys + 120163y} ) Cuus — (24919¥, + 69193yn) Criw s + - \g3 <C§ﬂ) + Nc@%?;)
tt tt

C.3 H*D?

: 16 20
Cyo = — (493 + 3g?yi> Cro+ S 01¥i.Crp + 293 (qugz) + NCCS’;)
tt tt

4 1
+ *Q%Yh <NcyuC}tI# + NcydC[-t]td + yeC'%e + 2NchC§¢)] + 23/101(*{1))
tt

3 tt
) 80 9 10
Cup = ggfychD + <29§ - 39%3/!21> Cup

16
+ §Q%Yh (NCYuCI%Vtu + NchCIt{td + YeCIiIte + 2Nc}’chg + 2WCSZ))
i tt

C.4 XZ2H?

9
=g — 2bo393)Cc

. 9
Cup = (2yh91 — 59% = 200.197)Crp + 6919290 Criw

. 5
Crw = —15g3Cw + (—6yig? — §g§ — 2b9,293) Crw + 29192ynCrw B

: 9
Crwp = 69195ynCw + (=2v491 + 595 — b1 — bo,293) Criw s + 41920 Crr + 4919290 Crrwy

3 9
Cua = (—6yrgt — 593 — 2b0,393) Cycs

) 9
Cps = (2vigi — 595 —2b0.197) Cpy 5 + 69192¥C gy

5
—g% — Qbojggg)CHW + 29192YhCH’V[73

Cour = —15g3Cy + (=63t — 3

HW

. 9
Crivp = 690195ynCi + (= 29201 + 595 — b1 — b0,293) Cryips + 401929 Cy 5 + 491929 C i
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C.5 ¢?H3

. 10 3 27
Cepr = [Y]rs [395(1}15 + <—29§ + 69%’%) CHD} — [3(3}’[2 +3y2 — dyiye)gi + ZQ% Cen
+ 3V (395 (Crrw + iC 57

+4(y; + 2y1e)91 (Crp +iChg) + 20192y (Crw s + iCog)) — 3(391)16061? + gzcevg/) (VoY)
T T
— 3[YIYe]ro (201 (1 + Ye)Ce — 92Cew) — 6 (493y2ye + 463yiyi + g391yn) Ce
vSs vSs s

— 3 (497 g2ynye + 493 g2yny1 + 393) Cew + (395 + 12g7y1y1) [YJ}rtnge
S

rs

4
+ 129%}’3}’11021) [YeT]ts + 12g%y€}/hcj(1?l) [YeT]tS + gg% [YeT]rs (CSZ) + NcC§;>
rt rt tt tt

. 10 3 27
Cor = ¥l | B+ (=384 0932 ) Conn | — (30352 + 392 — dyava)a? + % + Geragt] Cun

rs 4 s
+3[Y, 115 (803¢r3(Cra +iCya) + 395 (Caw + iC )
+4(yh + 2Yqyu) 91 (Crp + iCp ) — 2¥99192(Crw + iC i)
- 12[YdTYd]rtg2CutW - 692Cd1/;/ YaYllis — 3(493CF,3Cu(t} + QQCuvtv + (3yu + yd)g10u§) VY, s
s T T T T
- 3[YJYu]7"v (4CF,3930uG — 32Cuw + 2(Yq + Yu)glcuB) -6 (49%}’}21}% + 49?}’}21}01 - 9391}%) CuB
OF] OF] OF] s

+ 3 (491 g2ynyu + 497 92¥nYq — 395) Cuw — (393 — 12g7yqyn) [V, JrtCiu
rs S

. 1 3 4 3 3
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1:X3 2: HS 3:H*D? 5:92H? + h.c.
Qo | [*PCGGPrGSr  Qu | (HTHP  Quo (H'H)O(H'H) Qerr | (HYH)(lye H)
Qz | rABCGAGErGSr Qup | (H'D,H) (H'D,H) Quu | (H'H)(gyu,H)
Qw | KWW W Qar | (H'H)(gpd,H)
QW €IJKVVl{uWVJpWPK,u
4: X2H? 6: Y2 XH +h.c. 7:¢2H?D
Que | HUHGAGW  Quy | (o' e)r HWL, o (H'iD H) ()
Qua | HHHGAGY™  Qup | (Lo"e,)HB,, 0| WL Gy,
Quw | HHHWLWI Qg | (o TAu,)H G4, Qe (H'i'D  H)(e1"er)
Quiwv | HHHWLW  Quy | (go™u,)r HW], QW (H'i'D . H)(G7"a,)
Qup | HVHB,,B"™ Qus | (G0 u,)H By, QY (H'i'DLH)(g,7"v"q,)
Qup | HUHB,,B» Quc | (Go™TAd,)H G4, Qtin (H''D 1) (@, u,)
Quws | HIFTHWL B Quy | (@0 d,)r HWI, Qra (H'i'D  H)(d,y"d,)
Quivy | HiTTH WL, B Qap | (go*d,)H B,, Quua + hc. | i(H'D,H)(ayy"d,)
8:(LL)(LL) 8: (RR)(RR) 8: (LL)(RR)
Qu (Ll ) (Is7y*1r) Qee (@pyuer)(@syer) Que (Lpyulr) (@7 er)
Wl @) @) Quu | () (@) Qu | () (@7 uy)
5 <qu @)@ q)  Qaa | (dpyuds)(deyPdy) Qua | (Gl (daydy)
A | Gl @ e)  Qew | (Epuen) (@ u) Que | (Gwar)(@Esyer)
o w L)@ T ) Qea | (Eveen)(dirdy) Wl @) @y )
QW | (Wyyuur)(diydy) | @TAg) (@ Tuy)
QW | @M un)(dey Ty QY | (@yuar) (dardy)
QY | (@1 T4q,) (derT4dy)
8: (LR)(RL) +h.c. 8:(LR)(LR) +h.c.
Quedg | Ben)(dagry) Qb | (@un)ejn(@dy)
Qlona | (@TAu)es(aETAdy)
Qe (Ler)ejn(@sur)
Qi | Bouwer)ein(@ior uy)
Table 1. The 59 independent dimension-six operators built from Standard Model fields which

conserve baryon number, as given in Ref. [9]. The operators are divided into eight classes: X3, HS,
etc. Operators with +h.c. in the table heading also have hermitian conjugates, as does the ¥>H?D
operator Q4. The subscripts p,r, s, t are flavor indices.
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Class Nop C P-even CP-odd
Ng 1 3 Ng 1 3
1 4 2 2 2 2 2 2
2 1 1 1 1 0 0 0
3 2 2 2 2 0 0 0
4 8 4 4 4 4 4 4
5 3 3n? 327 3n; 327
6 8 8n; 8 T2 8n2 8 T2
7 8 ing(Ing +7) 8 51 ing(Ing —7) 1 30
8 :(LL)Y(LL) 5 Ing(Tng +13) 5 171 Ing(ng —1)(ng +1) 0 126
8 : (RR)(RR) 7 +ng(21nd + 2n} + 31ng + 2) 7 255 ing(2lng +2)(ng —1)(ng+1) 0 195
8 : (LL)(RR) 8 4nZ(nZ +1) 8 360 4nZ(ng — 1)(ng + 1) 0 288
8 : (LR)(RL) 1 ng 1 81 ng 1 81
8 : (LR)(LR) 4 4nj 4 324 4n; 4 324
8 : All 25 1ng (10703 + 2n2 +89ny +2) 25 1191|  ing(107nd +2n2 —67ny —2) 5 1014
Total 59 |1(107n§ + 2nd + 213n2 + 30n, + 72) 53 1350 2 (107n, + 2n) + 57n; — 30n, + 48) 23 1149

Table 2. Number of C'P-even and C'P-odd coefficients in £ for ny flavors. The total number of

coefficients is (107n$ + 2n? + 135n2 + 60) /4, which is 76 for ny, = 1 and 2499 for ny = 3.

J20 HAD?2 Y2 H? W2H2D vt | 2X2H? gy?XH | BPXP
Class 2 3 5 7 8 4 6 1
NDA Weight 2 1 1 1 1 0 0 -1
H® MR gt | A% gt Pyt AR ALY 0| Aghg® 0 AgP
H*D? 0 Myt gt Y%, g2 0 g7 dla 4
yy? H? 0 MR gt ARt At NYE L gt Xt gty Y
2H?D 0 > y° W Y, Tl I 97 4
P 0 0 0 R L Tl B 9%y’ 4
92X2H2 0 1 0 /1 0 )\7 yQ, g2 y2 4
gyy* X H 0 0 1 1 1 g9 9% y°
0. & 0 0 0 0 0 1 0
Table 3. Form of the one-loop anomalous dimension matrix 7;; for dimension-six operators @,

rescaled according to naive dimensional analysis. The operators are ordered by NDA weight, rather
than by operator class. The possible entries allowed by the one-loop Feynman graphs are shown. The
cross-hatched entries vanish.
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