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Abstract: The gauge-invariant operators up to dimension six in the low-energy effective
field theory below the electroweak scale are classified. There are 70 Hermitian dimension-
five and 3631 Hermitian dimension-six operators that conserve baryon and lepton number,
as well as ∆B = ±∆L = ±1, ∆L = ±2, and ∆L = ±4 operators. The matching onto
these operators from the Standard Model Effective Field Theory (SMEFT) up to order
1/Λ2 is computed at tree level. SMEFT imposes constraints on the coefficients of the
low-energy effective theory, which can be checked experimentally to determine whether the
electroweak gauge symmetry is broken by a single fundamental scalar doublet as in SMEFT.
Our results, when combined with the one-loop anomalous dimensions of the low-energy
theory and the one-loop anomalous dimensions of SMEFT, allow one to compute the low-
energy implications of new physics to leading-log accuracy, and combine them consistently
with high-energy LHC constraints.
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1 Introduction

Experimental results to date are overwhelmingly consistent with the predictions of the
Standard Model (SM) with electroweak gauge symmetry spontaneously broken by a fun-
damental scalar doublet, and a Higgs boson with a mass ∼ 125GeV. The absence of new
particles at energies up to ∼ 1TeV allows one to parametrize the effects of new physics at
LHC energies by higher-dimension gauge-invariant local operators built out of SM fields.
The resulting effective field theory (EFT) is known as the Standard Model Effective Field
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Theory (SMEFT). The SMEFT Lagrangian contains the usual SM Lagrangian at dimension
four, plus a complete set of independent higher-dimension operators.

At dimension five, SMEFT contains a single lepton-number-violating ∆L = 2 oper-
ator and its Hermitian conjugate ∆L = −2 operator, each in a single irreducible flavor
representation. For three generations of fermions, the irreducible flavor representation has
6 components. The dimension-five operators give rise to dimension-three Majorana mass
terms for the left-handed neutrinos in the spontaneously broken theory. Neutrino oscilla-
tion experiments require these neutrino masses to be very small, so the suppression scale of
the dimension-five operators is necessarily very large. Because the dimension-five operators
violate lepton number, the lepton-number violation scale Λ/L that suppresses the dimension-
five operators can be naturally much larger than the scale Λ that suppresses ∆B = ∆L = 0

operators.
The dimension-six operators of SMEFT are classified in Refs. [1, 2]. For three gen-

erations of fermions, there are 2499 independent dimension-six operators (151 irreducible
flavor representations) that do not violate baryon number and lepton number [3]. These
dimension-six operators, which are suppressed by a factor 1/Λ2, give the dominant effects
of new physics in SMEFT if Λ � Λ/L. Current LHC experiments are sensitive to Λ in the
1− 1000TeV range, depending on the operator considered.

In addition to the 2499 dimension-six operators (for three generations of fermions),
there are 273 dimension-six ∆B = ∆L = 1 operators (7 irreducible flavor representations),
and their Hermitian conjugates [1, 2, 4–7]. These operators are important because they are
the leading operators that permit proton decay in SMEFT. Again, it is natural for both the
scales of baryon-number violation and lepton-number violation, Λ /B and Λ/L, to be much
larger than Λ, so these operators can be very suppressed in comparison to the dominant 2499
dimension-six operators that do not violate baryon and lepton number. SMEFT operators
at dimension seven and eight also have been studied recently, and the number of operators
in SMEFT at each mass dimension has been determined [8–12]. A comprehensive review
on SMEFT can be found in Ref. [13].

Most of the flavor constraints on the renormalizable SM arise from measurements of
low-energy flavor-changing processes. These low-energy decays can be computed using
an EFT derived from the SM obtained by integrating out the massive electroweak gauge
bosons (W±, Z), the Higgs boson h, and the chiral top quark fermion fields (tL, tR). The
resulting low-energy effective field theory of the SM, which is essentially the Fermi theory
of weak interactions, contains four-fermion operators at dimension six that give the leading
contributions to flavor-changing charged-current weak decays such as µ → eνµν̄e or b →
ceν̄e. This low-energy EFT (LEFT) has been extensively applied to flavor physics such as
B and K decays and mixing, and it provides some of the most accurate tests of the SM
and constraints on new physics beyond the SM (for reviews, see [14, 15]). The effects of
new physics can be studied by introducing local-operator coefficients with values that differ
from those obtained by matching to the SM.

The gauge group of LEFT is QCD × QED, and the fermions are the usual quarks and
leptons, except that there is no top quark in the theory. In this paper, we construct all
the gauge-invariant operators in LEFT up to dimension six. To our knowledge, a complete
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classification of these LEFT operators has never been given in the literature. There are
∆L = ±2 dimension-three Majorana-neutrino mass terms and ∆L = ±2 dimension-five
neutrino dipole operators. Furthermore, there are 70 ∆B = ∆L = 0 dimension-five quark
and lepton dipole operators (10 irreducible flavor representations). At dimension six, we
find 3631 ∆B = ∆L = 0 operators (191 irreducible flavor representations), of which 1933
are CP -even and 1698 are CP -odd. In addition, there are many dimension-six operators
that violate lepton number and baryon number. We give the matching onto these operators
at tree level from the SMEFT up to terms of order v2/Λ2. Such a matching has been
presented in [16] for the subset of operators relevant for B-physics. We present here the
entire matching equations including flavor-conserving operators.

The EFT framework allows one to search for beyond-the-standard-model (BSM) physics
in a model-independent way: instead of testing the predictions of specific new physics
models at the LHC or in low-energy experiments and ruling out one model after the other,
the EFT approach allows one to obtain experimental constraints on the coefficients of
the higher-dimensional operators, or, in the presence of a signal deviating from the SM
prediction, to determine non-zero values of (linear combinations of) the operator coefficients.
If one is interested in a specific model, one can match the model on the EFT and decide
directly if the model is compatible with all experimental constraints.

As is well known, the operator coefficients in the EFT depend on the renormalization
scale. In order to avoid the presence of large logarithms, one has to take into account the
running and mixing of the operator coefficients from the high scale of BSM physics down to
the scale of high-energy collider experiments, and further down to the scale of low-energy
precision experiments. The leading effect is obtained from the divergent part of a one-loop
calculation. The complete one-loop anomalous-dimension matrix of the dimension-six op-
erators in the SMEFT is computed in Refs. [3, 7, 17–19]. Some results for parts of the
anomalous-dimension matrix, with flavor neglected, also can be found in Refs. [20, 21].
The structure of the renormalization-group mixing is non-trivial and has important impli-
cations for the flavor structure of SMEFT. The SMEFT renormalization-group equations
(RGE) allow one to compute the running and mixing between the BSM scale down to the
electroweak scale.

When going to energies below the electroweak scale, the running and mixing should
be calculated in LEFT. In a subsequent publication [22], we give the complete one-loop
anomalous dimension matrix for LEFT up to terms of dimension six. It is well known that
especially the QCD contribution to running and mixing below the electroweak scale is an
important effect, see e.g. the review [15]. Hence, parts of the RGE relevant for particular
processes have been well studied in the literature and are known to higher order [15, 16, 23–
32]. In the case of b→ sγ, the three-loop matching and four-loop anomalous dimensions are
known [33–35], which is the highest order to which computations have been done. However,
the systematic study of the entire RGE that we present in [22] is new. In particular, the
RGE include non-linear terms quadratic in the dipole coefficients, as well as modifications
to the RGE for the QCD and QED gauge couplings and fermion mass matrices due to
higher-dimension operators in LEFT.

Combined with previous results on the SMEFT [3, 7, 17–19], the calculation given here

– 3 –



and in [22] allows one to compute low-energy consequences of BSM physics in a model-
independent way at leading-log order, i.e. tree-level matching plus one-loop running. It also
allows one to combine high-energy constraints from the LHC with low-energy constraints
e.g. from hadronic decays in a unified framework. The results can be used in two different
ways. If one assumes that BSM physics respects the electroweak symmetry breaking mech-
anism of the SM, then one can start with SMEFT operators at a high scale, run down to
MZ , match onto LEFT, and then run the LEFT operators down to the low-energy scale
of the experimental observables, such as µ = mb for B decays. If one instead relaxes the
assumption about electroweak symmetry breaking, then one can introduce LEFT opera-
tors with arbitrary coefficients at MZ , and run down to low energies. Clearly, starting
from the SMEFT imposes constraints on the LEFT coefficients that need not be satisfied
in other BSM scenarios, such as Higgs Effective Field Theory (HEFT) [36, 37]. Experi-
mental checks of these constraints test whether electroweak symmetry in the SM is broken
by the Higgs mechanism with a fundamental scalar doublet. The dimension-five dipole
operators are particularly interesting, because in the SM their coefficients are of order
αWmq/(4πv

2) ∼ GFmqαW /(4π), where mq is a light quark mass, and hence effectively the
same size as one-loop dimension-six coefficients, whereas in SMEFT, they can be of order
v/Λ2 due to matching from the dimension-six dipole operators ψ2XH, such as QdW . In
contrast, dimension-five dipole operators in HEFT can be of order 1/Λ [38]. Hence, in this
scenario effects that are quadratic in dimension-five LEFT coefficients are parametrically of
the same order as effects linear in dimension-six LEFT coefficients. Our results presented
here and in [22] include these contributions.

The organization of this paper is as follows. In Section 2, we briefly review SMEFT,
focusing on the operators up to dimension six. The complete operator basis of SMEFT up
to dimension six is listed in Tables 4, 5, and 6 of Appendix A. We then consider sponta-
neously broken SMEFT at the electroweak symmetry-breaking scale v and briefly review
salient results of prior work relating the parameters of SMEFT to the usual parameters
of the spontaneously broken SM. In addition, we discuss modifications of the charged and
neutral fermion currents in the spontaneously broken SMEFT. The construction of the
matching conditions of LEFT in the spontaneously broken SMEFT depends crucially on
these modified weak charged and neutral currents.

Section 3 discusses the power counting of LEFT. The expansion of the spontaneously
broken SMEFT is in powers of v/Λ, where v ∼ 246GeV is the vacuum expectation value
of the Higgs scalar doublet, which spontaneously breaks the electroweak gauge symmetry
down to SU(3)×U(1)Q, and Λ is the scale of new physics. LEFT has a double expansion—
in addition to the usual p/v expansion of the low-energy weak interactions, it inherits the
v/Λ expansion of spontaneously broken SMEFT. Here p � MW,Z is a typical low-energy
scale such as mb or mµ. We explain how to power-count terms in LEFT in the presence of
two expansion parameters. Section 4 derives the power-counting rule for matching SMEFT
onto LEFT at tree level.

In Section 5, we classify all the SU(3) × U(1)Q invariant operators of LEFT up to
dimension six. A complete operator basis of LEFT up to dimension six is constructed
and presented in Tables 7 and 8 of Appendix B. We determine the tree-level matching
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conditions in SMEFT for all of the LEFT operators, tabulated in Appendix C. The usual
computation of these matching conditions in the renormalizable SM is generalized to include
all possible new-physics effects in SMEFT up to dimension-six operators. Since the SMEFT
has far fewer dimension-six operators than the LEFT, there are many relations among LEFT
coefficients. Predictions of this type have been given recently for B decays in Ref. [39]. The
full set of predictions is obtained in this work.

Section 6 presents a number of applications of LEFT to well-known flavor-nonconserving
processes, illustrating the advantages of using the LEFT operator basis for the analysis of
low-energy flavor observables. Conclusions are given in Sec. 7.

2 SMEFT

Basic results on the SMEFT in the broken phase, which are needed to compute the match-
ing to the low-energy theory below the electroweak scale, are summarized in this section.
Throughout this paper, we use the notation of Ref. [3].

The SM Lagrangian is

LSM = −1

4
GAµνG

Aµν − 1

4
W I
µνW

Iµν − 1

4
BµνB

µν + (DµH
†)(DµH) +

∑
ψ=q,u,d,l,e

ψ i /Dψ

− λ
(
H†H − 1

2
v2

)2

−
[
H†id Yd qi + H̃†iuYu qi +H†ie Ye li + h.c.

]
+
θ3g

2
3

32π2
GAµνG̃

Aµν +
θ2g

2
2

32π2
W I
µνW̃

I µν +
θ1g

2
1

32π2
BµνB̃

µν . (2.1)

The gauge covariant derivative is Dµ = ∂µ + ig3T
AGAµ + ig2t

IW I
µ + ig1Y Bµ, where TA

are the SU(3) generators, tI = τ I/2 are the SU(2) generators, and Y = y is the U(1)

hypercharge generator. SU(2) indices i, j, k and I, J,K are in the fundamental and adjoint
representations, respectively, and SU(3) indices A,B,C are in the adjoint representation.
SU(3) indices in the fundamental representation are denoted by the Greek letters α, β, γ.
H̃ is defined by

H̃i = εijH
† j , (2.2)

where the SU(2)-invariant tensor εij is defined by ε12 = 1 and εij = −εji, i, j = 1, 2.
Fermion fields q and l are left-handed fields, and u, d, and e are right-handed fields. Note
that theta terms have been added to the SM Lagrangian in Eq. (2.1) for completeness:
they are needed for a splitting of the gauge terms into holomorphic and anti-holomorphic
pieces [40]. The fermion fields have weak-eigenstate indices r = 1, . . . , ng, where ng = 3,
and the Yukawa couplings are ng × ng matrices.

The SMEFT Lagrangian is the SM Lagrangian (2.1) plus higher-dimension operators.
In this paper, we consider operators in SMEFT up to dimension six. The number and
quantum numbers of SMEFT operators at dimension five and six are given in Table 1. An
explicit list of the operators in the notation of Ref. [2] is presented in Tables 4, 5, and 6 of
Appendix A. The coefficients of the SMEFT Lagrangian will be denoted by C ll

prst
, etc. in
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d quantum numbers ng = 1 ng = 3

5 (∆L = 2) + h.c. 1 + 1 6 + 6

6 ∆B = ∆L = 0 76 = 53+ + 23− 2499 = 1350+ + 1149−
6 (∆B = ∆L = 1) + h.c. 4 + 4 273 + 273

Table 1. Number and quantum numbers of operators in SMEFT at dimensions five and six. The
first column gives the operator dimension d, and the second column gives the ∆B and ∆L quantum
numbers. The third and fourth columns list the number of Hermitian operators in SMEFT for
ng = 1 and ng = 3 generations of fermions, split according to their sign under CP .

the notation of Refs. [3, 18, 19], where p, r, s, t are weak-eigenstate indices,1 and powers of
1/Λ are included in the coefficients C.

The dimension-five Lagrangian of SMEFT is given by the ∆L = ±2 operators of Table 4

L(5) = C 5
rs
εijεkl(lTirClks)HjHl + h.c. , (2.3)

where i, j, k, l are SU(2) indices, r, s are weak-eigenstate indices, and C = iγ2γ0 is the
charge-conjugation matrix. The coefficients C 5

pr
are symmetric in the weak-eigenstate in-

dices and of order 1/Λ. For ng = 3 generations, C5 has ng(ng + 1)/2 = 6 complex entries.
The anomalous dimension for the dimension-five operator was computed in Refs. [41, 42].
On converting to the notation and normalization of Ref. [3, 18, 19], it is given by

Ċ5 = −3

2

[
C5(Y †e Ye) + (Y †e Ye)

TC5

]
+ 4λC5 − 3g2

2 C5 + 2Tr
(

3Y †uYu + 3Y †d Yd + Y †e Ye

)
C5 ,

(2.4)

where C5 and Yψ, ψ = e, u, d, are matrices in flavor space, and we use the notation

Ċ ≡ 16π2µ
d

dµ
C . (2.5)

The dimension-six Lagrangian divides into operators that conserve baryon number and
lepton number, listed in Table 5, and the operators with ∆B = ∆L = ±1 listed in Table 6.
It is worth repeating that the scale Λ of new physics does not have to be the same for the
lepton- and baryon-number preserving and violating sectors in the SMEFT.

2.1 SMEFT in the Broken Phase

Electroweak symmetry breaking in SMEFT is modified by the presence of dimension-six
operators. The scalar field can be written in unitary gauge as

H =
1√
2

(
0

[1 + cH,kin]h+ vT

)
, (2.6)

1Regrettably, there are not enough letters in the alphabet. Thus, t is a weak-eigenstate index, which
can sometimes take the value t = 3 or t, i.e. the top quark. A similar problem occurs for s. Sorry.
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where

cH,kin ≡
(
CH� −

1

4
CHD

)
v2 , vT ≡

(
1 +

3CHv
2

8λ

)
v , (2.7)

in the notation of Ref. [3]. The rescaling of h in Eq. (2.6) is necessary so that h has a
conventionally normalized kinetic energy term (see Ref. [3]), and the vacuum expectation
value (VEV) vT in SMEFT is not the same as v in the Lagrangian Eq. (2.1) due to the
dimension-six contributions to the Higgs interactions,

L(6)
H = CH

(
H†H

)3
+ CH�

(
H†H

)
�
(
H†H

)
+ CHD

(
H†DµH

)∗ (
H†DµH

)
, (2.8)

which contribute to the scalar potential and kinetic energy terms.
The fermion mass matrices in the SMEFT are modified by dimension-six operators [3].

The u-quark, d-quark, and e-charged lepton mass matrices are

L = − [Mψ]rs ψRrψLs + h.c. , [Mψ]rs =
vT√

2

(
[Yψ]rs −

1

2
v2C∗ψH

sr

)
, ψ = u, d, e . (2.9)

The Yukawa coupling matrices of the h boson to the fermions L = −h uY q + . . . also are
modified from those of the SM due to the same dimension-six operators [3]. The Yukawa
couplings in the spontaneously broken SMEFT are

[Yψ]rs =
1√
2

[Yψ]rs [1 + cH,kin]− 3

2
√

2
v2C∗ψH

sr
=

1

vT
[Mψ]rs [1 + cH,kin]− v2

√
2
C∗ψH
sr
, (2.10)

ψ = u, d, e, where Yψ are the Yukawa couplings in the dimension-four SM Lagrangian,
and cH,kin and vT are defined in Eq. (2.7). An important feature of SMEFT is that the
dimension-six operators QψH generically lead to h boson Yukawa couplings that are no
longer simply proportional to the fermion Dirac masses.

The left-handed neutrinos also acquire a Majorana mass matrix upon spontaneous
symmetry breakdown from the dimension-five Lagrangian L(5),

L = −1

2
[Mν ]rs

(
νTLrCνLs

)
+ h.c. , [Mν ]rs = −C 5

rs
v2
T . (2.11)

The Higgs boson couples to the neutrinos via L = h [Y5]rs (νTLrCνLs) + h.c., where

[Y5]rs ≡ vT [C5]rs [1 + cH,kin] (2.12)

is proportional to the Majorana-neutrino mass matrix when keeping only operators up to
dimension six in SMEFT. It is important to note, however, that dimension-seven operators
contribute a correction to the above equation at relative order v2, which generically results in
a Majorana-neutrino Yukawa coupling Y5 that is not proportional to the Majorana-neutrino
mass matrix.
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2.2 Flavor Indices

The spontaneously broken SMEFT Lagrangian is written in terms of fields qr, lr, ur, dr
and er, where r = 1, . . . , ng = 3 is a generation (weak-eigenstate) index. In this weak-
eigenstate basis, the fermion mass matrices are not diagonal. Transformation from the
weak-eigenstate basis to the mass-eigenstate basis for the fermions in the SM results in
quark and lepton mixing matrices appearing in the weak charged currents. Similar effects
occur in SMEFT, so care must be taken in switching from the fermion weak eigenstates to
the mass eigenstates.

One can make flavor transformations on the SMEFT fields that put the charged fermion
mass matrices in the form

Me → diag(me,mµ,mτ ), Md → diag(md,ms,mb)V
†, Mu → diag(mu,mc,mt), (2.13)

where V is a unitary mixing matrix, which is the CKMmatrix in the SM (but not in SMEFT,
see Sec. 2.3). We will assume that these flavor transformations have been performed. Then,
the weak-eigenstate index is the same as the mass-eigenstate index for the charged leptons,
left- and right-handed u-type quarks, and right-handed d-type quarks.2 For left-handed
d-type quarks, one gets the usual relation between weak and mass eigenstates,

dLr = Vrd dL + Vrs sL + Vrb bL ≡ Vrx dLx , (2.14)

where the left-hand side is a weak eigenstate, and the right-hand side is a linear combination
of mass eigenstates. It should be clear from the context whether we are referring to weak
or mass eigenstates, so we will not distinguish between them by using different symbols d′

and d.
When we go from SMEFT to the low-energy theory, the t quark is integrated out.

This procedure can be done by letting the weak-eigenstate index (which is the same as
the mass-eigenstate index for u-type quarks) run over r = 1, . . . , nu = 2. For d-type
quarks, r = 1, . . . , nd = 3, and one converts between weak- and mass-eigenstate indices for
left-handed d-type quarks using Eq. (2.14). For charged leptons, r = 1, . . . , ne = 3, and
the weak-eigenstate index is the same as the mass-eigenstate index, whereas for neutrinos,
r = 1, . . . , nν = 3 is always a weak-eigenstate index in this paper. Treating ne and nν as
independent variables allows our results to be used even if there are light sterile neutrinos
or right-handed neutrinos, which have the same quantum numbers as SM neutrinos under
SU(3) × U(1)Q. Furthermore, by using this notation, we do not have to worry about the
mixing matrix V when we compute the low-energy EFT Lagrangian. The diagonalization
of the u- and d-quark mass matrices can be done in the low-energy theory, at which point
the matrix V enters via Eq. (2.14). However, a word of warning is needed. The CKM
matrix V that diagonalizes the mass matrices in Eq. (2.13) is not the same as the mixing
matrix K, defined in Sec. 2.3, that enters the W boson coupling to the weak charged quark

2Note that the Majorana-neutrino mass matrixMν has not been diagonalized. Throughout this work, we
consider only neutrino weak eigenstates, so neutrinos νLr are always weak eigenstates with indices r = 1, 2, 3

corresponding to r = e, µ, τ , and the Majorana-neutrino mass matrix is not diagonal.
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current in SMEFT because of dimension-six operator contributions. This point is explained
in detail in the next subsection.

In LEFT, we can use either weak-eigenstate indices or mass-eigenstate indices for the
quarks and leptons. With our convention, the two agree for all fermions except left-handed
d-type quarks. A simple example is useful to illustrate how to convert from weak-eigenstate
to mass-eigenstate indices in LEFT. Consider the SMEFT term

L = Cledq
prst

(l̄jper)(d̄sqjt) , (2.15)

where p, r, s, t are weak-eigenstate indices, summed over the values 1, 2, 3. In LEFT, this
operator breaks up into

L = Cledq
prst

[
(ν̄LpeRr)(d̄RsuLt) + (ēLpeRr)(d̄RsdLt)

]
, (2.16)

where p, r, s, t are still weak-eigenstate indices. Switching to mass-eigenstate indices for the
left-handed d quarks yields

L = Cledq
prst

(ν̄LpeRr)(d̄RsuLt) + Cledq
prst

Vtx(ēLpeRr)(d̄RsdLx) , (2.17)

where p, r, s, t are weak-eigenstate indices, but x is a mass-eigenstate index. Weak-eigenstate
and mass-eigenstate indices are the same for eL,R, νL, uL,R, and dR, so we can use Eq. (2.17)
with p = 1, 2, 3 = e, µ, τ ; r = 1, 2, 3 = e, µ, τ ; and s = 1, 2, 3 = d, s, b for both terms. For
the sum on t, however, the sum for the first term is over t = 1, 2 = u, c, whereas the
sum for the second term is over t = 1, 2, 3 and x = d, s, b, since all three left-handed d-
type quarks remain in the low-energy theory. Since we will often wish to focus on specific
mass-eigenstate operators, we also use the notation

C ledq
eµsb

(ēLµR)(s̄RbL) (2.18)

for the p = 1, r = 2, s = 2, x = b component of the second term in Eq.(2.17), where

C ledq
eµsb
≡

3∑
r=1

C ledq
122r

Vrb. (2.19)

Notice that care is required only for left-handed d-quark indices given our conventions.

2.3 Gauge-Boson Masses and Couplings

The gauge bosons of the spontaneously broken SMEFT need to be redefined so that the
gauge kinetic terms have canonical normalization. Non-canonical normalization arises be-
cause dimension-six class-4 Higgs–gauge-boson operators X2H2, such as H†HW I

µνW
Iµν ,

contribute to the gauge kinetic terms in the spontaneously broken theory. In addition,
the neutral gauge-boson mass matrix needs to be diagonalized to obtain the gauge-boson
mass eigenstates of the spontaneously broken SMEFT. The gauge-field redefinitions that
are needed to rewrite the SMEFT Lagrangian in terms of properly normalized gauge-boson
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mass eigenstates have been given in detail before. We summarize the required equations
here.

The gauge-field and -coupling redefinitions needed to yield gauge kinetic energy and
mass terms that are properly normalized and diagonal are [3, 43]

GAµ = GAµ
(
1 + CHGv

2
T

)
, W I

µ =WI
µ

(
1 + CHW v

2
T

)
, Bµ = Bµ

(
1 + CHBv

2
T

)
, (2.20)

g3 = g3

(
1 + CHG v

2
T

)
, g2 = g2

(
1 + CHW v2

T

)
, g1 = g1

(
1 + CHB v

2
T

)
, (2.21)

and (
Zµ

Aµ

)
=

(
c̄− ε

2 s̄ −s̄+ ε
2 c̄

s̄+ ε
2 c̄ c̄+ ε

2 s̄

)(
Wµ

3

Bµ

)
, ε ≡ CHWBv

2
T . (2.22)

The neutral gauge-boson mass eigenstates Zµ and Aµ in the above equation depend on the
weak mixing angle θ through

cos θ ≡ c̄ =
ḡ2√
ḡ2

1 + ḡ2
2

[
1− ε

2

ḡ1

ḡ2

(
ḡ2

2 − ḡ2
1

ḡ2
1 + ḡ2

2

)]
,

sin θ ≡ s̄ =
ḡ1√
ḡ2

1 + ḡ2
2

[
1 +

ε

2

ḡ2

ḡ1

(
ḡ2

2 − ḡ2
1

ḡ2
1 + ḡ2

2

)]
. (2.23)

The massive gauge bosons of the spontaneously broken SMEFT are the W±µ and Zµ with
masses

M2
W =

1

4
ḡ2

2v
2
T ,

M2
Z =

1

4

(
ḡ2

2 + ḡ2
1

)
v2
T

(
1 +

1

2
CHDv

2
T

)
+
ε

2
ḡ1ḡ2v

2
T . (2.24)

In the above equations, GAµ ,W I
µ , and Bµ and g3, g2, and g1 are the gauge fields and coupling

constants in the unbroken SMEFT, and GAµ , WI
µ, and Bµ and g3, g2, and g1 are the gauge

fields and coupling constants in the spontaneously broken SMEFT. Note that products of
gauge couplings and gauge fields g3G

A
µ = g3GAµ , g2W

A
µ = ḡ2WI

µ, and g1Bµ = ḡ1Bµ are
unchanged by the above redefinitions.

With these redefinitions, the gauge-covariant derivative in the spontaneously broken
SMEFT is given in terms of the gauge-boson mass eigenstates by

Dµ = ∂µ + i g3GAµ TA + i
g2√

2

[
W+
µ T

+ +W−µ T−
]

+ i gZ
[
T3 − s2Q

]
Zµ + i eQAµ, (2.25)

where Q = T3 + Y , and the effective couplings e and gZ are given by

e = g2 sin θ − 1

2
cos θ g2 v

2
T CHWB,

gZ =
e

sin θ cos θ

[
1 +

g1
2 + g2

2

2g1g2

v2
TCHWB

]
. (2.26)
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In contrast to the SM, the couplings of the massive gauge bosons W±µ and Zµ to
fermions are not completely determined in SMEFT by the gauge-covariant derivative in
the fermion kinetic energy terms. There is an additional contribution to fermion couplings
arising from the dimension-six ψ2H2D operators, such as Q(1)

Hl = (H†i
←→
D µH)(l̄pγ

µlr), listed
in Table 5, which are the product of Higgs currents times fermion currents. The Higgs
currents evaluated in unitary gauge using Eq. (2.6) (with cH,kin = 0 to leading order) are

〈H†i
←→
D µH〉 =

gZ
2
Zµ(vT + h)2,

〈H†i
←→
D I

µH〉 =


−g2

2 W
1
µ(vT + h)2, I = 1,

−g2
2 W

2
µ(vT + h)2, I = 2,

−gZ
2 Zµ(vT + h)2, I = 3,

〈iH̃†DµH〉 = −1

2

g2√
2
W+
µ (vT + h)2. (2.27)

Using Eq. (2.27), the additional contribution of the ψ2H2D operators to the couplings of
the massive weak gauge bosons can be easily evaluated.

The fermion couplings to the massive gauge bosons W±µ and Zµ in the spontaneously
broken SMEFT take the usual form

L = − g2√
2

{
W+
µ j

µ
W + h.c.

}
− gZZµj

µ
Z (2.28)

with the modified weak charged and neutral currents

jµW = [Wl]prνLpγ
µeLr + [Wq]pruLpγ

µdLr + [WR]pruRpγ
µdRr,

jµZ = [ZνL ]prνLpγ
µνLr + [ZeL ]preLpγ

µeLr + [ZeR ]preRpγ
µeRr

+ [ZuL ]pruLpγ
µuLr + [ZuR ]pruRpγ

µuRr + [ZdL ]prdLpγ
µdLr + [ZdR ]prdRpγ

µdRr, (2.29)

where

[Wl]pr =

[
δpr + v2TC

(3)
Hl
pr

]
, [Wq]pr =

[
δpr + v2TC

(3)
Hq
pr

]
, [WR]pr =

[
1

2
v2TCHud

pr

]
,

[ZνL ]pr =

[
δpr

(
1

2

)
− 1

2
v2TC

(1)
Hl
pr

+
1

2
v2TC

(3)
Hl
pr

]
,

[ZeL ]pr =

[
δpr

(
−1

2
+ s2

)
− 1

2
v2TC

(1)
Hl
pr
− 1

2
v2TC

(3)
Hl
pr

]
, [ZeR ]pr =

[
δpr
(
+s2

)
− 1

2
v2TCHe

pr

]
,

[ZuL
]pr =

[
δpr

(
1

2
− 2

3
s2
)
− 1

2
v2TC

(1)
Hq
pr

+
1

2
v2TC

(3)
Hq
pr

]
, [ZuR

]pr =

[
δpr

(
−2

3
s2
)
− 1

2
v2TCHu

pr

]
,

[ZdL ]pr =

[
δpr

(
−1

2
+

1

3
s2
)
− 1

2
v2TC

(1)
Hq
pr
− 1

2
v2TC

(3)
Hq
pr

]
, [ZdR ]pr =

[
δpr

(
+

1

3
s2
)
− 1

2
v2TCHd

pr

]
.

(2.30)

Here, [Wl]pr, [Wq]pr, and [WR]pr are the couplings of W+
µ to (νLpγ

µeLr), (uLpγ
µdLr),

and (uRpγ
µdRr), respectively, and [Zψ]pr are the couplings of Zµ to (ψpγ

µψr) for ψ =

νL, eL, eR, uL, uR, dL, and dR. Note that the couplings Eq. (2.30) are written in the weak-
eigenstate basis, so the SM contribution is proportional to Kronecker-delta symbols. The

– 11 –



dimension-six ψ2H2D operators in spontaneously broken SMEFT give the 1/Λ2 contribu-
tions proportional to coefficients C in Eq. (2.30). Interestingly, in spontaneously broken
SMEFT,W+

µ couples to the right-handed charged current (uRpγ
µdRr) with coupling [WR]pr

due to the dimension-six operator QHud [44].
The couplings Eq. (2.30) are in the weak-eigenstate basis, where the mass matrices

have the form Eq. (2.13). Performing a flavor rotation on the left-handed d quarks by
V diagonalizes the quark mass matrices. V is a unitary matrix. The W± couplings in
Eq. (2.30) are not unitary, however, because of the dimension-six operator contributions [45].
The effective quark-mixing matrix in the left-handed quark sector is given by

Kpx = Vpx + v2
TC

(3)
Hq
ps

Vsx, (2.31)

which satisfies [
KK†

]
pr

= δpr + v2
T

[
C

(3)
Hq
pr

+ C
(3)∗
Hq
rp

]
+O

(
v4

Λ4

)
(2.32)

and [
K†K

]
xy

= δxy + v2
T

[
V †xpC

(3)
Hq
ps

Vsy + V †xsC
(3)∗
Hq
sp

Vpy

]
+O

(
v4

Λ4

)
. (2.33)

Flavor physics experiments at low energies measure coefficients of the dimension-six flavor-
changing terms in the Lagrangian, and thus determine matrix elements of K, which is the
effective quark-mixing matrix in the low-energy theory. The two matrices V and K are
equal in the SM, but differ in SMEFT due to the presence of dimension-six operators in
the weak charged currents. V is unitary, but K is not. In SMEFT, flavor-changing neutral
currents also can be present at order 1/Λ2 due to dimension-six operators.

Non-unitarity of the effective lepton-mixing matrix was studied previously in the con-
text of neutrino physics in Refs. [46–48], which considered the operator

O = Crs(lriH
†
j )i
←→
/∂ (lskH`)εijεk` . (2.34)

Using the equations of motion converts Eq. (2.34) to the SMEFT operator

O =
1

2
CrsQ

(1)
Hl
rs

− Crs
1

2
Q

(3)
Hl
rs

(2.35)

which shows that unitarity violation of the effective mixing matrix in the lepton sector also
is given by the ψ2H2D operators in spontaneously broken SMEFT.

3 Power Counting in LEFT

The SM below the electroweak scale can be described by an EFT with an expansion in
powers of the inverse electroweak scale 1/v. The expansion parameter is usually written
as GF = 1/(

√
2 v2). The dimensionless small parameter that controls the EFT expansion

is p/v or m/v, where p and m are the momenta and masses of particles in the EFT. For
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example, in meson weak decays, such as K and B decays, the low-energy scales are of order
mK and mb. The low-energy theory only contains particles with masses m� v. The gauge
bosons remaining in the low-energy theory, the gluons and the photon, are all massless,
and there are no massless or massive scalar particles remaining since all components of the
single fundamental Higgs scalar doublet are integrated out. The massive particles in the
low-energy theory consist of all SM fermions with the exception of the t quark. In the SM,
fermions get their mass due to electroweak symmetry breaking, and so have a mass m ∼ yv
proportional to v times a Yukawa coupling. By assumption, there is a low-energy EFT
below v with dynamical fermions. This assumption means that the light fermions have a
mass m� v, so their Yukawa couplings are of order y ∼ m/v � 1, and are parametrically
suppressed by the power-counting parameter of the low-energy EFT.

The presence of a low-energy mass in LEFT means that renormalization produces
running of the Wilson coefficients of lower-dimensional operators proportional to the coef-
ficients of higher-dimensional ones. For example, a dimension-four term in the Lagrangian
can have an anomalous dimension proportional to m2 times a dimension-six term, m4 times
a dimension-eight term, etc.3 The dimension-six contribution to a dimension-four term is of
orderm2/v2, and is the same order in power counting as a direct dimension-six contribution
to a scattering amplitude, which is order m2/v2 or p2/v2.

In the low-energy theory starting with SMEFT, we have an additional expansion in
powers of 1/Λ. This additional expansion can be easily included in the power counting by
writing 1/Λ = 1/v× (v/Λ), i.e. LEFT uses the low-energy power counting in powers of 1/v

with additional suppression factors in powers of v/Λ. There are no particles with masses of
order Λ in SMEFT, so one cannot get positive powers of Λ. A term in LEFT of dimension
d has the power counting

L =
Od
vd−4

( v
Λ

)∑
i(Di−4)

(3.1)

if it arises from a graph with insertions of SMEFT operators of dimension Di.
In addition to the double expansion in powers ofm/v and v/Λ, the low-energy EFT has

a loop expansion in powers of (α, αs)/(4π) since it is weakly coupled. In applications such
as low-energy weak interactions, the heaviest mass in the problem is the b-quark mass, so
m/v ∼ 1/50. We do not know the scale Λ of the SMEFT expansion. Current experimental
data indicate that it is above a few TeV, so that v/Λ . 1/5. However, it is possible that
Λ is much higher than a few TeV, of the order of the seesaw scale or the GUT scale, in
which case v/Λ could be as small as 10−12. We already know that Λ/L for the dimension-five
∆L = 2 operator Q5 and Λ /B for the dimension-six baryon-number violating operators is
this large.

In this paper, we compute the tree-level SMEFT contributions to LEFT operators up to
dimension-six. These are the leading BSM contributions to the low-energy amplitudes, and
experimental constraints on them provide information about BSM physics. The one-loop
corrections to these amplitudes in the SMEFT is beyond the scope of this paper. Higher
order matching corrections have been computed in the SM (for a review, see Ref. [15]).

3Analogous effects in spontaneously broken SMEFT were computed in Ref. [3].
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We stress that LEFT is the correct low-energy theory even in the case where the high-
energy EFT is not given by SMEFT but by HEFT [36, 37], which relaxes the assumption
that the Higgs particle is part of a fundamental electroweak doublet. In this case, the
dimension-five LEFT operators come with a suppression factor of 1/Λ rather than v/Λ2 as
in the case of SMEFT. Therefore, when systematically considering effects up to dimension
six in the LEFT power counting one also has to include effects quadratic in the dimension-
five LEFT coefficients. In [22], we present the complete one-loop RGE up to dimension six
in the LEFT power counting.

4 Integrating out Weak-Scale Particles in SMEFT

In this section, we derive the power counting rules for integrating out a heavy particle in an
EFT. We start with a high-energy EFT, which in this paper is the SMEFT, with a power
counting scale Λ that suppresses higher-dimension operators. The high-energy theory also
contains heavy particles with a mass M of order v � Λ, and we want to construct the
low-energy EFT below v in which these heavy particles are integrated out. In the SMEFT,
the heavy particles are theW and Z gauge bosons, the t quark, and the Higgs boson h. The
light particles are those with masses m parametrically smaller than v, namely the quarks
u, d, s, c, b, charged leptons e, µ, τ , the left-handed neutrinos νe, νµ, ντ , the photon, and the
gluons.

The power-counting rule in the high-energy EFT is that an arbitrary graph with vertices
of operator dimension Di produces an operator with dimension

D − 4 =
∑
i

(Di − 4) . (4.1)

Eq. (4.1) is a well-known result, which follows simply from counting powers of Λ. Operators
of dimension Di have coefficients of order 1/ΛDi−4 in the EFT Lagrangian. Graphs in the
theory cannot generate positive powers of Λ since all particles have masses parametrically
smaller than Λ, and loop integrals do not generate powers of Λ in dimensional regularization.
Comparing powers of Λ gives Eq. (4.1).

Now, consider the subset of EFT graphs in which all external particles are light particles
with masses and momenta much smaller than v. These graphs include graphs with internal
heavy particles depending on heavy masses M ∼ v. By expanding the internal heavy
propagators in 1/M ∼ 1/v, one obtains that an operator of dimension D in the low-energy
EFT has a coefficient of order

1

Λa
1

vb
, a+ b = D − 4, a ≥ 0 (4.2)

by dimensional analysis. Note that a is non-negative because it is not possible to generate
positive powers of Λ as discussed above. For tree graphs, b > 0, but it is possible to
obtain b < 0 via heavy mass insertions in loop graphs. For example, a loop graph with two
insertions of

1

Λ2
(bγµPLt)(tγµPLb) (4.3)
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gives a contribution to (bγµPLb)(bγµPLb) with a coefficient of order M2
t /Λ

4, i.e. a = 4,
b = −2. Thus, in loop graphs, powers of M in the numerator can cancel powers of v in
the denominator. In the SM, M/v is a gauge coupling, a Yukawa coupling, or

√
λ, so M/v

corrections are comparable to radiative corrections. This result is well-known from the
matching calculation for the weak interactions in the SM.

In this paper, we compute tree-level matching when particles of mass M ∼ v are
integrated out. Each internal heavy fermion line starts at order 1/M plus terms with
additional factors of p/M , and each internal heavy boson line starts at order 1/M2 plus
terms with additional factors of p2/M2. Additional factors of 1/M in the denominator
are compensated by the dimensions of external fields, i.e. a tree graph with heavy internal
particle lines generates operators with dimension

D − 4 =
∑
i

(Di − 4) + IF + 2IB, (4.4)

where IF is the number of internal heavy fermion lines and IB is the number of internal
heavy boson lines. Another way to derive Eq. (4.4) is to count dimensions. A graph (tree
or loop) with vertices of dimension Di gives an operator with dimension

D =
∑
i

Di − 3IF − 2IB, (4.5)

since each internal heavy line removes two heavy fields, and fermions fields have dimension
3/2 and boson fields have dimension 1. For a tree diagram with only heavy internal lines,
one also has the relations

V − I = 1, I = IF + IB, (4.6)

where V is the number of vertices and I is the number of internal lines. Eq. (4.6), when
combined with Eq. (4.5), gives back Eq. (4.4) for tree graphs with only internal heavy lines.

For tree graphs, we also have the relations

2IF =
∑
i

Fi 2IB =
∑
i

Bi (4.7)

where Fi and Bi are the number of heavy fermion and boson fields at each vertex, since
there are no external heavy fields in the low-energy EFT, and each internal heavy line
removes two fields. Eq. (4.7) combined with Eq. (4.4) gives

D − 4 =
∑
i

(
Di +

1

2
Fi +Bi − 4

)
=
∑
i

wi, wi ≡ Di +
1

2
Fi +Bi − 4 . (4.8)

wi can take on integral or half-integral values. There must be an even number of half-
integral values of wi since

∑
i Fi is even.

We construct the EFT below v up to dimension six, so we need
∑

iwi ≤ 2. Furthermore,
since we only compute tree-level matching, every operator vertex must have at least one
heavy field, and each graph must have at least two such vertices. Operators with no heavy
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w Operators
1
2 ψtAµ
1 ZµνA

µν hψ2 ψ2Zµ t2Aµ
3
2 hψt ψtZµ ψtAµν
2 h3 hZµZ

µ hAµνA
µν ZµνZ

µν ht2 t2Zµ ψ
2Zµν t

2Aµν

Table 2. Table of operators in SMEFT containing at least one heavy field with weights w ≤ 2.
Operators are denoted by their field content, where Zµ and Zµν are the heavy Z (or W ) field
and field-strength tensor, respectively; Aµ and Aµν are the light photon (or gluon) field and field-
strength tensor, respectively; ψ is a light fermion; t is the heavy top quark and h is the heavy Higgs
boson.

fields match directly to the low-energy theory, i.e. the operator survives in the low-energy
theory. The SMEFT vertices with at least one heavy field and w ≤ 2 are given in Table 2.
The notation is schematic: ψ represents a light fermion, t is the heavy top quark, h is the
heavy Higgs boson, Aµ is a light gauge boson and Aµν is its field-strength tensor, and Zµ
is a heavy gauge boson and Zµν is its field-strength tensor. For SMEFT, the light gauge
bosons are photons and gluons, and the heavy ones are the W and Z. The smallest weight
in Table 2 is w = 1/2 for the ψtAµ vertex. This interaction is a ψ → t interaction due
to a photon or gluon, and is not present since QED and QCD gauge couplings are flavor
diagonal. The remaining vertices all have w ≥ 1. Since a tree graph has V ≥ 2, and from
Table 2, we see that all vertices have w ≥ 1, we only need to consider graphs with two
insertions of the w = 1 vertices

ZµνA
µν , hψ2, ψ2Zµ, t

2Aµ . (4.9)

The t2Aµ vertex is the interaction of the t quark with light gauge bosons. It is not
possible to draw a tree-graph without external t quarks using this interaction and other
w = 1 vertices in Eq. (4.9), so this interaction can be dropped.

ZµνA
µν is kinetic mixing [49] between a heavy and light gauge boson. Such vertices

are produced by operators such as

QHB = H†H BµνB
µν (4.10)

in the SMEFT whenH is replaced by its VEV, and it has a coefficient of order v2/Λ2. Terms
of this type are included in rediagonalization of the gauge-boson kinetic energy terms [3],
as discussed in Sec. 2.3.

The hψ2 interactions are the Yukawa couplings of light fermions to the Higgs boson,
and the ψ2Zµ interactions are the couplings of light fermions to the heavy gauge bosons W
and Z. They contribute to the matching via tree graphs with single h, W , or Z exchange.

The fermion mass matrices and Yukawa couplings in the SMEFT are given in Eqs. (2.9)
and (2.10) for Dirac fermions and in Eqs. (2.11) and (2.12) for Majorana neutrinos, re-
spectively. Higgs exchange gives four-fermion operators with a coefficient of order Y2/m2

h.
From Eq. (2.10), we see that Y2 has terms of order (m/v)2, mv/Λ2, and v4/Λ4, where m
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is a light-fermion mass. Thus, Higgs exchange contributions, which are 1/v2 times this, are
parametrically of the same order as dimension-eight terms, which we have neglected, and
can be dropped. The fact that Y is first order in power counting is a special feature of the
SM. If there are additional scalars at the electroweak scale, as in two-Higgs-doublet models,
then their Yukawa couplings are in general not related to fermion masses, and tree graphs
with the exchange of these scalars must be included in the matching.

The only tree graphs which we need to include are tree-level W and Z exchange, which
give dimension-six operators. This result should be familiar from the Fermi theory of weak
interactions. In SMEFT, we need to include W and Z vertices including 1/Λ2 corrections,
since these lead to dimension-six interactions with coefficients of order 1/v2×v2/Λ2 = 1/Λ2,
which are included in our results. The gauge-boson propagator in unitary gauge is

−
(
gµν −

kµkν
M2

)
1

k2 −M2
. (4.11)

whereM is the gauge-boson mass. The kµkν/M2 part of the propagator gives terms of order
(m/M)2, which are the same order as Higgs exchange contributions, and can be neglected.
This result is not an accident, since the two terms are related by gauge invariance. The
propagator denominator can be expanded in powers of k2/M2, and to dimension six, we
only need the first term.

In summary, the only contributions we need to keep are those from tree exchange of
a single W or Z boson including 1/Λ2 corrections to the vertices, where the gauge boson
propagator can be taken to be gµν/M2. These contributions are included in the tables of
Appendix C using the gauge couplings in Eq. (2.30). The matching coefficients depend
on the product of two gauge couplings, and so have terms of order 1/M2, (1/M2)(v2/Λ2)

and (1/M2)(v4/Λ4), with M ∼ v. The last term, from the product of two dimension-six
corrections to the gauge coupling should formally be dropped as it is of higher order in the
power counting.

5 LEFT Operators

The EFT below the electroweak scale consists of QCD and QED, with nu = 2 u-type quarks,
nd = 3 d-type quarks, ne = 3 charged leptons and nν = 3 left-handed neutrino flavors. The
operators in LEFT are built out of fermion fields uLr, uRr dLr, dRr, eLr, eRr, and νLr, where
r is a weak-eigenstate index4, the gauge-covariant derivative Dµ = ∂µ + igTAGAµ + ieQAµ,
and gauge field strengths: the photon field-strength Fµν and the gluon field-strengths GAµν .

The QCD and QED Lagrangian is

LQCD+QED = −1

4
FµνF

µν − 1

4
GAµνG

Aµν + θQCD
g2

32π2
GAµνG̃

Aµν + θQED
e2

32π2
FµνF̃

µν

+
∑

ψ=u,d,e,νL

ψi /Dψ −

 ∑
ψ=u,d,e

ψRr[Mψ]rsψLs + h.c.

 , (5.1)

4Since the weak-eigenstate index is equal to the mass-eigenstate index for all fermions except the left-
handed d quarks, converting to mass-eigenstate indices only involves conversion of dLr to VrxdLx, as dis-
cussed in Sec. 2.2.

– 17 –



d quantum numbers ng = 1 ng = 3

3 (∆L = 2) + h.c. 1 + 1 6 + 6

5 ∆B = ∆L = 0 5 + 5 35 + 35

5 (∆L = 2) + h.c. 1 + 1 3 + 3

6 ∆B = ∆L = 0 80 = 57+ + 23− 3631 = 1933+ + 1698−
6 (∆L = 2) + h.c. 14 + 14 600 + 600

6 (∆L = 4) + h.c. 1 + 1 6 + 6

6 (∆B = ∆L = 1) + h.c. 9 + 9 288 + 288

6 (∆B = −∆L = 1) + h.c. 7 + 7 228 + 228

Table 3. Number and quantum numbers of operators in LEFT of dimensions three, five, and six.
The first column gives the operator dimension d, and the second column gives the ∆B and ∆L

quantum numbers. The third and fourth columns list the number of Hermitian operators in LEFT
for ng = 1 and ng = 3 generations of fermions, split according to their sign under CP .

which contains QCD gauge interactions of nu = 2 u-type quarks and nd = 3 d-type quarks
and QED gauge interactions of the u quarks, d quarks, and ne = 3 charged leptons at
dimension four, and Dirac-fermion mass terms for u, d, and e at dimension three. The
nν = 3 left-handed neutrinos are gauge singlets with no mass term. Theta terms for QCD
and QED are included as well.

The LEFT Lagrangian is the QCD and QED Lagrangian (5.1) plus additional SU(3)×
U(1)Q gauge-invariant operators at dimension three and higher dimension d > 4, beginning
at d = 5. The number and quantum numbers of operators in LEFT at each dimension
can be obtained by counting invariants [10, 50–53]. In this paper, we consider operators
in LEFT up to dimension six. Table 3 gives the number and quantum numbers of LEFT
operators at dimension three, five, and six for ng = 1 and ng = 3 generations. A complete
and independent LEFT operator basis up to dimension six is constructed and presented in
Tables 7 and 8 of Appendix B. Table 7 contains the baryon- and lepton-number-conserving
operators of dimension five and six, as well as the dimension-three and dimension-five ∆L =

±2 operators that correspond to Majorana-neutrino mass and dipole operators, respectively.
Table 8 contains the dimension-six operators that violate lepton number and/or baryon
number. LEFT operators are denoted by O and LEFT operator coefficients are denoted
by L to distinguish them from the SMEFT operators Q and coefficients C, since some
operators, such as the SMEFT operator QG and the LEFT operator OG look identical.
Appendix C contains more detailed tables, Tables 9–21, listing the LEFT operators in each
operator sector, their number for arbitrary numbers of fermion flavors nν , ne, nu, and nd
and for the values nν = 3, ne = 3, nu = 2, and nd = 3 of the SM, and the tree-level
matching conditions from SMEFT including operators up to dimension six. For example,
the tree-level matching for the operator OG in Table 12 is simply LG = CG. Appendix C
also contains Table 22, which divides the LEFT operators of Tables 9–21 into CP -even and
CP -odd operators. The leading LEFT operators of Table 3 are described below according
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to operator dimension.

5.1 Dimension-Three Operators

The ∆L = 2 + h.c. Majorana-neutrino mass operators given in Table 9 arise at dimension
three. The Majorana-neutrino mass matrix Mν is symmetric in weak-eigenstate indices,
and the Majorana-neutrino mass term in the LEFT Lagrangian is

L(3)
/L

= −1

2
[Mν ]rsO ν

rs
+ h.c. = −1

2
[Mν ]rs(νLrCνLs) + h.c., (5.2)

with [Mν ]rs = −C 5
rs
v2
T if the mass arises from the dimension-five ∆L = 2 operator in

SMEFT. Consequently, Mν is of order v2/Λ/L. There are six ∆L = 2 operators for nν = 3,
plus their conjugates. Note that the Oν coefficient is Lν ≡ −1

2Mν .

5.2 Dimension-Five Operators

All of the dimension-five LEFT operators are dipole operators.
The ∆L = 2 + h.c. Majorana-neutrino dipole operators are given in Table 10. These

operators are antisymmetric in the neutrino weak-eigenstate indices, so there are three
∆L = 2 operators plus their Hermitian conjugates. The tree-level matching to Lνγ from
SMEFT up to dimension-six contributions vanishes. The first non-vanishing contribution
in spontaneously broken SMEFT arises at dimension seven, Lνγ ∼ v2/(Λ/LΛ2).

The ∆B = ∆L = 0 dipole operators (LR)X are given in Table 11. The flavor-
changing operators in this table lead to interesting processes such as µ → eγ and b → sγ,
as well as magnetic and electric dipole moments. There are 35 (LR)X operators, plus
35 Hermitian conjugate (RL)X operators. Tree-level matching in spontaneously broken
SMEFT generates these dimension-five dipole operators at order v/Λ from the dimension-
six class-6 dipole operators ψ2XH.

Kobach has shown [11] that in the SMEFT, there are no odd-dimensional SU(3) ×
SU(2) × U(1) gauge-invariant operators that preserve both baryon and lepton number.
LEFT has dimension-five dipole operators which preserve baryon number and lepton num-
ber, since the gauge group is now SU(3)× U(1)Q.

5.3 Dimension-Six Operators

The dimension-six LEFT operators divide into the baryon- and lepton-number-conserving
operators given in Table 7, and ∆L = ±4, ∆L = ±2, ∆B = ∆L = ±1, and ∆B = −∆L =

±1 operators given in Table 8.
Since there are numerous ψ4 operators, it is convenient to further divide the ψ4 opera-

tors into subclasses, according to chirality L and R of the fermion bilinears, as was done in
SMEFT [2], and according to scalar, vector, and tensor Dirac structure S, V , and T . Fierz
identities can be used to convert operators between the different subclasses, so the choice of
independent LEFT operators is not unique. We have constructed the LEFT operator basis
from fermion bilinears in the form (ψΓχ) or (ψTΓχ) that contain either two lepton or two
quark fields, avoiding leptoquark bilinears. In addition, we have eliminated tensor Dirac
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matrices Γ = σµν as far as possible from the operator basis. It is a non-trivial exercise to
make sure there is no double counting of operators due to the Fierz identities.

1. ∆B = ∆L = 0 operators: These operators preserve baryon and lepton number, and
they are the only dimension-six operators that could be present at the TeV scale. The
operators divide into X3 and ψ4 operators. There are two triple-gluon X3 operators
and 78 four-fermion ψ4 operators, neglecting flavor.

(a) X3: There are two pure gauge operators in Table 12 constructed from three
gluon field strengths. These two operators also exist in SMEFT, and the tree-
level matching between SMEFT and LEFT is LG = CG and L

G̃
= C

G̃
.

(b) (L̄L)(L̄L): The only fermion bilinears of the form (L̄ΓL) are left-handed vector
currents (L̄γµL). (L̄L)(L̄L) operators are the product of two left-handed cur-
rents. Integrating out the W and Z bosons in the SM to get the Fermi theory of
weak interactions produces these operators. Four-fermion dimension-six opera-
tors in unbroken SMEFT also give a tree-level contribution. Table 13 lists the
independent operators in the LEFT operator basis. The operators are divided
into purely leptonic, semileptonic, and non-leptonic operators.

(c) (R̄R)(R̄R): These operators are products of two right-handed vector currents.
They are produced by Z exchange in the SM. Four-fermion dimension-six oper-
ators in unbroken SMEFT give a tree-level contribution. There also is a contri-
bution from W exchange in spontaneously broken SMEFT since W couples to
the right-handed charged current (uRpγ

µdRr) due to the dimension-six operator
QHud. Table 14 lists the independent operators in the LEFT operator basis.
The operators are divided into purely leptonic, semileptonic, and non-leptonic
operators.

(d) (L̄L)(R̄R): These operators are products of a left-handed vector current and
a right-handed vector current. Table 15 lists the independent operators in the
LEFT operator basis. The operators are divided into purely leptonic, semilep-
tonic, and non-leptonic operators. Most operators are produced in the SM from
Z exchange. Four-fermion dimension-six operators in unbroken SMEFT give a
tree-level contribution in most cases. In addition, W exchange in spontaneously
broken SMEFT produces a number of operators due to the coupling of W to
right-handed charged quark currents. The operator OV 8,LR

uddu and its Hermitian
conjugate are not produced in SMEFT at this level.

(e) (L̄R)(R̄L) + h.c.: The fermion bilinear (L̄R) can be either a scalar (L̄R) or a
tensor (L̄σµνR). Only products of scalar fermion bilinears exist in the LEFT
operator basis due to the identity (L̄σµνR)(R̄σµνL) = 0. This identity contracts
a self-dual tensor with an anti-self-dual one. (L̄σµνR) transforms as (0, 1) under
the Lorentz group, and (R̄σµνL) as (1, 0). It is not possible to combine the
two tensor bilinears into a Lorentz singlet (0, 0), which is why the (apparently)
Lorentz singlet combination (L̄σµνR)(R̄σµνL) vanishes. Table 16 lists the three
semileptonic scalar operators of the LEFT operator basis in this category. Two
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of the operators receive a tree-level matching from dimension-six operators in
unbroken SMEFT, whereas the operator OS,RLeu is not produced in SMEFT at
tree level.

(f) (L̄R)(L̄R) + h.c.: In this case, both scalar and tensor operators are possible.
Table 17 lists the independent operators in the LEFT operator basis. The oper-
ators are divided into purely leptonic, semileptonic, and non-leptonic operators.
Some of the operators are present in unbroken SMEFT, but seven operators in
this category have no SMEFT matching at tree level.

2. ∆L = ±4 operators: These operators are the square of the Majorana-neutrino mass
term. Table 18 lists the single ∆L = 4 LEFT operator. The operator transforms

as the representation under the neutrino-flavor symmetry group. This operator
receives a tree-level contribution in spontaneously broken SMEFT from Higgs and
gauge-boson exchange that is not included in the table, since we are dropping such
terms, as discussed in Sec. 4. These operators lead e.g. to neutrinoless quadruple β
decay [54, 55].

3. ∆L = ±2 operators: Table 19 lists LEFT operators in this category. Some of the op-
erators are produced in spontaneously broken SMEFT from Higgs exchange with one
Higgs Yukawa coupling in the SM and one Higgs coupling to the ∆L = ±2 Majorana-
neutrino bilinear, as well as from gauge-boson exchange. The operators OS,LRνedu , O

V,RL
νedu ,

OV,RRνedu lead to β decay with an emitted neutrino rather than an antineutrino.

4. ∆B = ∆L = ±1 operators: Table 20 lists the LEFT operators in this category.
Many of the operators receive a tree-level matching from the ∆B = ∆L = ±1 op-
erators in SMEFT. A number of the operators are not produced in SMEFT at tree
level.

5. ∆B = −∆L = ±1 operators: Table 21 lists LEFT operators in this category.
Operators with these quantum numbers do not exist in SMEFT.

The tables give the tree-level matching coefficients up to order 1/Λ2 in SMEFT. SMEFT
gives non-trivial correlations between the coefficients, as can be seen, for example, by looking
at Table 17. Consequently, one can test whether BSM physics arises via SMEFT, i.e.
whether it respects the SM electroweak gauge symmetry breaking SU(3)×SU(2)×U(1)→
SU(3) × U(1)Q, by seeing whether the SMEFT correlations are satisfied. As an example,
in the case of (L̄R)(L̄R) operators, SMEFT predictions are

LS,RRee
prst

= 0, LS,RRed
prst

= 0, LT,RRed
prst

= 0,

LS1,RR
uu
prst

= 0, LS8,RR
uu
prst

= 0, LS1,RR
dd
prst

= 0,

LS8,RR
dd
prst

= 0, LS,RReu
prst

+ LS,RRνedu
prst

= 0, LT,RReu
prst

+ LT,RRνedu
prst

= 0,

LS1,RR
ud
prst

+ LS1,RR
uddu
stpr

= 0, LS8,RR
ud
prst

+ LS8,RR
uddu
stpr

= 0, (5.3)
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so low-energy constraints on these operators provide important information on whether
electroweak symmetry breaking results from the VEV of a single fundamental scalar doublet
as assumed in SMEFT. Many additional examples are provided by operators with vanishing
matching coefficients in SMEFT in the tables.

6 Flavor Physics and B anomalies

In this section, we study the implications of the RGE for several low-energy flavor-changing
weak decays. We start with µ decay, which is used to extract the value of GF , and then
discuss lepton non-universality in B decays, which has received a lot of attention due to
recent results from LHCb. In the following discussion, we assume that deviations in LEFT
coefficients from their SM values are small, i.e. they are suppressed by 1/Λ2, where Λ is the
scale of new physics, and then we restrict to the special case where the LEFT operators
arise from matching to the SMEFT, which imposes the restriction that the new physics is
invariant under SU(3)× SU(2)× U(1) gauge symmetry. We work to order 1/Λ2, since we
have neglected operators with dimension greater than six. We do not perform a detailed fit
to the experimental results. The aim of this section is to discuss which LEFT coefficients
contribute to the decay amplitudes, and their RGE evolution including mixing with other
operators. We use results for the RGE of LEFT operators from a subsequent paper [22].
Another important and interesting example not discussed here is flavor-changing µ → e

transitions. This application has been studied in detail, including the LEFT renormalization
considered here, in recent publications [26–28]. An analysis of B anomalies within an EFT
based on flavor symmetries has been presented in [56].

6.1 µ Decay and GF

The value of the VEV in the SM is obtained from the measurement of GF in µ decay,
µ− → e− + ν̄e + νµ. The terms in the LEFT Lagrangian which contribute to µ decay are

L = LV,LL (ν̄Lµγ
µνLe)(ēLγµµL) + LV,LR (ν̄Lµγ

µνLe)(ēRγµµR) , (6.1)

where the coefficients are evaluated at the scale of the muon mass µ = mµ, and we have
used LX ≡ LXνe

µeeµ
to simplify the notation. The muon decay rate computed from Eq. (6.1)

has contributions proportional to
∣∣LV,LL∣∣2, ∣∣LV,LR∣∣2 and an interference contribution pro-

portional to Re
(
LV,LLLV,LR∗

)
. The SM only has left-handed charged currents, and the

right-handed current coefficient LV,LR is of order v2/Λ2, so the
∣∣LV,LR∣∣2 contribution to

the decay rate is of order v4/Λ4 and can be dropped. The interference term is helicity
suppressed, of order me/mµ × v2/Λ2, since the electrons have opposite chirality in the two
operators. While me/mµ is the ratio of two low-energy scales, numerically me/mµ ∼ 1/200,
and the interference term can also be dropped. Thus, the µ decay rate is obtained from the
left-handed current operator. Comparing with the usual Fermi theory gives

−4GF√
2

= LV,LL = LV,LLνe
µeeµ

. (6.2)
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The coefficients LV,LL and LV,LR are evolved down to µ = mµ using the RGE given in
Ref. [22]. The only contributions to the RGEs of LV,LL and LV,LR are from penguin and
box graphs, and they vanish for the off-diagonal terms needed, so the coefficients at µ = mµ

are the same as those at µ = MZ . Thus, Eq. (6.2) with the r.h.s. evaluated at µ = MZ is
fixed by GF .

Tree-level matching of the LEFT Lagrangian to the SMEFT gives

LV,LL = − 2

v2
T

+ C ll
µeeµ

+ C ll
eµµe
− 2C

(3)
Hl
µµ

− 2C
(3)
Hl
ee

, LV,LR = C le
µeeµ

, (6.3)

at µ = MZ . Combining with Eq. (6.2), GF in SMEFT [3] is
4GF√

2
=

2

v2
T

− C ll
µeeµ
− C ll

eµµe
+ 2C

(3)
Hl
µµ

+ 2C
(3)
Hl
ee

, (6.4)

evaluated at µ = MZ , and is fixed by the experimentally measured µ decay. The τ → ντ `ν`,
` = e, µ rate depends on the linear combination in Eq. (6.4) with the subscripts µ→ τ and
e→ `, which we denote by GF (τ → `). Precision tests on lepton universality in τ decay (for
a review, see Ref. [57]) give

GF (τ → µ)

GF (τ → e)
= 1.0018± 0.0014 ,

GF (τ → e)

GF
= 1.00011± 0.0015 . (6.5)

There is a small (but not significant) deviation from unity in GF (τ → µ)/GF (τ → e). The
precision of 0.001 in the ratios Eq. (6.5) means that they are sensitive to new physics scales
of order 7 TeV.

6.2 b→ cτν Decays

There are possible deviations from the SM in B semileptonic decay ratios [58–60]

RD =
Γ(B → Dτ+ντ )

Γ(B → D`+ν`)
, RD∗ =

Γ(B → D∗τ+ντ )

Γ(B → D∗`+ν`)
, (6.6)

where ` = e, µ. The semileptonic B decay rates are roughly equal to their SM values, so
we will assume that the LEFT coefficients have only small deviations from SM values, and
the deviations arise from interference with the SM amplitude. The terms in the LEFT
Lagrangian that contribute to semileptonic b→ c decays are

L = LV,LLr (ν̄Lrγ
µeLr)(b̄LγµcL) + LV,LRr (ν̄Lrγ

µeLr)(b̄RγµcR) + LS,RLr (ν̄LreRr)(b̄RcL)

+ LS,RRr (ν̄LreRr)(b̄LcR) + LT,RRr (ν̄Lrσ
µνeRr)(b̄LσµνcR) , (6.7)

where we have used LXr ≡ LXνedu
rrbc

to simplify the notation, and switched to the quark mass-

eigenstate basis, as discussed in Sec. 2.2.
In the SMEFT at µ = MZ , one obtains the coefficients

LV,LLr = − 2

v2
T

V ∗cb + 2V ∗ib C
(3)
lq
rric

− 2V ∗cbC
(3)
Hl
rr

− 2V ∗ib C
(3)∗
Hq
ci

,

LV,LRr = −V ∗ib C∗Hud
ci
, LS,RLr = V ∗ib Cledq

rric
,

LS,RRr = V ∗ib C
(1)
lequ
rric

, LT,RRr = V ∗ib C
(3)
lequ
rric

. (6.8)

– 23 –



In the SM at tree level, only LV,LLr is non-zero, so the other coefficients are assumed to be
of order 1/Λ2.

The dominant contribution to the semileptonic b decay rate is from
∣∣∣LV,LLr

∣∣∣2, since that
is the only coefficient that exists in the SM. The only other contributions up to order v2/Λ2

are the interference terms of LV,LLr with the other terms. The interference of LV,LLr with S
and T operators is of order (m`/mb)(v

2/Λ2) because they are helicity suppressed, and can
be dropped.

Normalizing to GF in Eq (6.4), we see that the two terms that contribute to the semi-
leptonic b decay amplitudes in SMEFT are

LV,LLr = −4GF√
2
V ∗cb

[
1 + v2T

(
1

2
C ll
µeeµ

+
1

2
C ll
eµµe

− C(3)
Hl
µµ
− C(3)

Hl
ee

+ C
(3)
Hl
rr
− V ∗ib
V ∗cb

C
(3)
lq
rric

+
V ∗ib
V ∗cb

C
(3)∗
Hq
ci

)]
,

LV,LRr = −4GF√
2

1

2
V ∗ib v

2
TC
∗
Hud
ci

. (6.9)

Note that in SMEFT to order v2/Λ2, LV,LRr does not depend on lepton flavor, and cannot
be responsible for the RD,D∗ anomaly.

The B → D decay amplitude is proportional to the vector-current matrix element with
coefficient (LV,LLr +LV,LRr )/2, whereas the B → D∗ decay amplitude depends on the vector
current, as well as the axial current with coefficient (−LV,LLr + LV,LRr )/2. The vector and
axial current do not interfere in the total rate. The RGE for LV,LLr , LV,LRr are given in
Ref. [22],

L̇V,LLr = −4e2LV,LLr , L̇V,LRr = −2e2LV,LRr . (6.10)

Thus, in LEFT, LV,LLr , LV,LRr are multiplicatively renormalized by QED corrections, and do
not depend on other LEFT coefficients. The renormalization is small, increasing LV,LLr and
LV,LRr by about 2% and 1% respectively between MZ and mb. The ratio of the coefficients
for τ and ` = e, µ is

LV,LLτ ± LV,LRτ

LV,LL` ± LV,LR`

= 1 + v2
T

(
C

(3)
Hl
ττ

− C(3)
Hl
``

−
V ∗ib
V ∗cb

C
(3)
lq
ττic

+
V ∗ib
V ∗cb

C
(3)
lq
``ic

)
(6.11)

and the RGE factor cancels in the ratio.
The RD,D∗ anomalies are usually assumed to arise from deviations in the τ decay rate

from the SM values, with ` = e, µ rates close to their SM values. In the SMEFT, a simple
way to do this is to have SMEFT coefficients for ` = e, µ be small, and

C
(3)
Hl
ττ

−
V ∗ib
V ∗cb

C
(3)
lq
ττic

> 0 . (6.12)
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6.3 b→ s`+`− Decays

LHCb has also measured anomalies in B → K∗`+`− and B → K`+`− decays [61, 62],

RK =
Γ(B → Kµ+µ−)

Γ(B → Ke+e−)
= 0.745+0.090

−0.074 (stat) ± 0.036 (syst) ,

RK∗ =
Γ(B → K∗µ+µ−)

Γ(B → K∗e+e−)
=

{
0.66 + 0.11

− 0.07 (stat)± 0.03 (syst) for 0.045 < q2 < 1.1 GeV2 ,

0.69 + 0.11
− 0.07 (stat)± 0.05 (syst) for 1.1 < q2 < 6.0 GeV2 .

(6.13)

Most explanations of these anomalies have focused on new physics contributions to the
electromagnetic and semileptonic operators in the b → s weak Hamiltonian [39]. The
relevant terms in the LEFT Lagrangian are

L = c7s̄Lσ
µνbR Fµν + c′7 s̄Rσ

µνbL Fµν + cV,LL` (l̄Lγ
µlL)(s̄LγµbL)

+ cV,RR` (l̄Rγ
µlR)(s̄RγµbR) + c′V,LR` (l̄Rγ

µlR)(s̄LγµbL) + cV,LR` (l̄Lγ
µlL)(s̄RγµbR)

+ cS,RL` (l̄LlR)(s̄RbL) + c′S,RL` (l̄RlL)(s̄LbR) + cS,RR` (l̄LlR)(s̄LbR)

+ c′S,RR∗` (l̄RlL)(s̄RbL) + cT,RR` (l̄Lσ
µν lR)(s̄LσµνbR) + c′T,RR∗` (l̄Rσ

µν lL)(s̄RσµνbL) ,

(6.14)

where, to simplify the notation, we use

c7 = Ldγ
sb
, c′7 = L∗dγ

bs

, cV,LL` = LV,LLed
llsb

, cV,RR` = LV,RRed
llsb

,

c′V,LR` = LV,LRde
sbll

, cV,LR` = LV,LRed
llsb

, cS,RL` = LS,RLed
llsb

, c′S,RL` = LS,RL∗ed
llbs

,

cS,RR` = LS,RRed
llsb

, c′S,RR` = LS,RR∗ed
llbs

, cT,RR` = LT,RRed
llsb

, c′T,RR` = LT,RR∗ed
llbs

. (6.15)

In addition to the operators shown explicitly in Eq. (6.14), there are also four-quark opera-
tors O1−O6 and the b→ s chromomagnetic operator O8 that mix with the above operators
under RGE, and are included in the usual analysis of B decay.

Our operator basis for LEFT is in terms of fields with definite chiral properties. Tradi-
tionally, in weak decays, a basis of operators with definite parity has been used (i.e. scalar,
pseudoscalar, etc.). The conversion to the basis used in Ref. [39] is

λ1C7 = c7 , λ1C
′
7 = c′7 ,

λ2C9 = cV,LL` + c′V,LR` , λ2C10 = −cV,LL` + c′V,LR` ,

λ2C
′
9 = cV,LR` + cV,RR` , λ2C

′
10 = −cV,LR` + cV,RR` ,

λ2CS = cS,RR` + c′S,RL` , λ2CP = cS,RR` − c′S,RL` ,

λ2C
′
S = cS,RL` + c′S,RR` , λ2C

′
P = cS,RL` − c′S,RR` ,

λ2CT = c′T,RR` + cT,RR` , λ2CT5 = −c′T,RR` + cT,RR` , (6.16)

where

λ1 ≡ −
4GF√

2

emb

16π2
, λ2 ≡ −

8GF√
2

e2

16π2
. (6.17)
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Matching at tree-level from the SMEFT at µ = MZ gives

c7 =
1√
2

(
−CdW

sb
sW + CdB

sb
cW

)
vT , cS,RR` = 0 ,

c′7 =
1√
2

(
−C∗dW

bs
sW + C∗dB

bs
cW

)
vT , c′S,RL` = C∗ledq

llbs

,

cV,LR` = C qe
sbll
−
gZ

2v2
T

2M2
Z

s2qe

(
C

(1)
Hq
sb

+ C
(3)
Hq
sb

)
, cS,RL` = Cledq

llsb
,

cV,LL` = C
(1)
lq
llsb

+ C
(3)
lq
llsb

−
gZ

2v2
T

2M2
Z

(
1

2
+ s2qe

)(
C

(1)
Hq
sb

+ C
(3)
Hq
sb

)
, c′S,RR` = 0 ,

cV,RR` = C ed
llsb
−
gZ

2v2
T

2M2
Z

s2qeCHd
sb
, cT,RR` = 0 ,

cV,LR` = C ld
llsb
−
gZ

2v2
T

2M2
Z

(
1

2
+ s2qe

)
CHd
sb
, c′T,RR` = 0 . (6.18)

Assuming that all BSM physics is via the SMEFT, i.e. it respects the SM electroweak
symmetry-breaking mechanism, Eq. (6.18) leads to the relations cS,RR` = cT,RR` = c′S,RR` =

c′T,RR` = 0, which are equivalent to the relations found in Ref. [39],

CS + CP = 0 , C ′S − C ′P = 0 , CT = 0 , CT5 = 0 . (6.19)

To obtain RK,K∗ 6= 1 requires a violation of e−µ universality in b→ s`+`− decays. The
operators O1−O6 and O8 do not involve leptons, but can generate the operators involving
leptons in Eq. (6.14) via RGE. This contribution is the same for all lepton flavors since the
operators and anomalous dimensions are flavor blind. Similarly, the contributions of the
photon penguin operators c7 and c′7 cancel in RK,K∗ , since the photon coupling to leptons
is flavor blind. Flavor-dependent gauge couplings due to Higgs operators, such as those in
Eq. (2.30) for the W and Z, do not exist for the photon.

The other operators in Eq. (6.14) can depend on lepton flavor and contribute to RK,K∗−
1 by an amount proportional to the difference of the operators for µ and e. The RGE for
the leptonic operators cV,LL` , etc. is rather involved and contains mixing via four-quark
operators through penguin diagrams, as well as non-linear terms involving squares of dipole
coefficients [22]. However, these cancel in the RGE for the differences between µ and e,
which reduce to the simple form

ċV,LL∆ = 4e2cV,LL∆ , ċV,RR∆ = 4e2cV,RR∆ ,

ċV,LR∆ = −4e2cV,LR∆ , ċS,RL∆ = −
(

20

3
e2 + 8g2

)
cS,RL∆ ,

[
ċS,RR∆

ċT,RR∆

]
=

[
−20

3 e
2 − 8g2 −32e2

−2
3e

2 20
9 e

2 + 8
3g

2

][
cS,RR∆

cT,RR∆

]
+

−64e2Ldγ
sb

(
Leγ
µµ
− Leγ

ee

)
0

 , (6.20)

where cX∆ ≡ cXµ −cXe , and the primed coefficients have the same RGE as the unprimed ones.
Using cX∆ for computing lepton universality violation is valid as long as the RG correction
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is treated in perturbation theory. A more accurate analysis requires the full RGE for cXµ
and cXe separately [22], which are considerably more complicated.

The LEFT RGE is non-linear, and dimension-six operator coefficients have terms that
depend on the square of dimension-five dipole coefficients. The non-linear dipole term in
Eq. (6.20) depends on the e and µ dipole operators, which are strongly constrained by the
electric and magnetic moments of the electron and muon [63–67],∣∣∣ReLeγ

ee

∣∣∣ ≤ 3.85× 10−11 GeV−1 ,
∣∣∣ImLeγ

ee

∣∣∣ ≤ 6.7× 10−16 GeV−1 (90% C.L.) ,∣∣∣ReLeγ
µµ

∣∣∣ ≤ 4.5× 10−10 GeV−1 ,
∣∣∣ImLeγ

µµ

∣∣∣ ≤ 1.5× 10−6 GeV−1 (95% C.L.) , (6.21)

and so the non-linear terms are negligible. In Eq. (6.21), we have used the experimental
uncertainty on muon g − 2 as the limit on ReLeγ

µµ
. The current discrepancy between

experiment and the SM prediction [68] corresponds to ReLeγ
µµ
≈ (20± 6)× 10−10 GeV−1.

The Lagrangian coefficients at µ = mb are related to those at µ = MZ by

cV,LL∆

cV,RR∆

cV,LR∆

cS,RL∆

cS,RR∆

cT,RR∆


µ=mb

=



0.99 0 0 0 0 0

0 0.99 0 0 0 0

0 0 1.01 0 0 0

0 0 0 1.38 0 0

0 0 0 0 1.38 0.07

0 0 0 0 0.001 0.90





cV,LL∆

cV,RR∆

cV,LR∆

cS,RL∆

cS,RR∆

cT,RR∆


µ=mZ

. (6.22)

The electromagnetic correction is 7% from the 32e2 term in Eq. (6.20).
The inclusive b → s`+`− decay rate is quadratic in the coefficients appearing in

Eq. (6.14). The dipole and vector operators produce leptons of the same chirality, whereas
the scalar and tensor operators produce leptons of opposite chirality. The interference terms
between the two are helicity suppressed by m`/mb, and can be neglected. Since the scalar
and tensor operators have no SM contribution, they only contribute quadratically (i.e. at
order v4/Λ4) to the rate, and can be neglected.

The most likely way to obtain the RK,K∗ ratios Eq. (6.13) is through lepton univer-
sality violation in the coefficients cV,LL, cV,RR, cV,LR, c′V,LR. B → K decays depend on the
hadronic matrix elements of (sγµb) and (sσµνb), whereas B → K∗ decays depend on these,
as well as the matrix elements of (sγµγ5b). Note that (sσµνγ5b) = −(i/2)εµναβ(sσαβb),
and is not an independent operator. The general matrix elements can be obtained from
the results of Ref. [69]. A global fit to B-decay experiments [39] indicates that the sim-
plest explanation for RK∗ is due to a deviation in the direction δC9 = −δC10 from the
SM values for the Wilson coefficients, i.e. cV,LL∆ 6= 0 is the source of the discrepancy in
RK∗ , with δC9 + δC10 ≈ 1. Furthermore, Ref. [39] also concludes that explaining RK
in Eq. (6.13) requires non-zero cV,LR∆ , cV,RR∆ . The lepton universality-violating coefficients
needed in Ref. [39] to explain the RK,K∗ anomalies only have small electromagnetic running
as given in Eq. (6.22), so the results of Ref. [39] at µ = mb can be taken to be unchanged
at µ = MZ .
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7 Conclusions

In this paper, we have classified all the operators up to dimension six that can appear in an
SU(3)×U(1)Q invariant low-energy effective field theory Lagrangian below the electroweak
scale to order GF ∼ 1/v2, and we have constructed a complete operator basis for this low-
energy EFT up to dimension six. The LEFT Lagrangian contains 70 Hermitian operators
of dimension five, and 3631 Hermitian operators of dimension six that do not violate baryon
or lepton number, as well as baryon- and lepton-number-violating operators. At dimension
three, LEFT contains ∆L = ±2 Majorana-neutrino mass operators, and at dimension five,
it contains ∆L = ±2 Majorana-neutrino dipole operators. At dimension six, there are
numerous additional LEFT operators: there are ∆L = ±4, ∆L = ±2, ∆B = ∆L = ±1

and ∆B = −∆L = ±1 operator sectors.
The tree-level matching to the LEFT operator basis at the electroweak scale has been

computed from SMEFT up to dimension six operators in this paper. The complete one-
loop RGE of the LEFT Lagrangian is computed in a companion paper [22]. While parts
of the RGE for flavor-violating processes are known to higher order [15], our calculation
gives the complete renormalization of the entire set of LEFT operators up to dimension
six, including non-linear terms and including corrections to the RGE of the QCD and QED
gauge couplings and fermion masses due to higher-dimension operators in LEFT. The RGE
results presented in [22] show that some contributions to four-fermion operator coefficients
that are quadratic in dimension-five coefficients come with large numerical prefactors of 96
or 192. These terms contribute e.g. to processes that change flavor by two units, such as
K-K̄ mixing or τ− → µ+e−e−. Phenomenological implications of these terms will be the
subject of further study.

The results obtained here together with the one-loop RGE in LEFT [22], combined with
previous results on SMEFT [3, 7, 17–19], allow one to compute the low-energy Lagrangian
starting from the SMEFT at a scale Λ far above the electroweak scale to leading-log order,
i.e. using tree-level matching and one-loop running. The low-energy Lagrangian then can be
used to compute experimental observables without large logarithms, e.g. by using µ = mb

to compute B decays, etc.
Determining LEFT parameters from low-energy experimental data provides a model-

independent way to constrain BSM physics via low-energy observables. Observables mea-
sured above the electroweak scale can be used to constrain the parameters of SMEFT. By
comparing these determinations of LEFT and SMEFT parameters with the matching rela-
tions between the two theories, one can test whether the SMEFT is a good description of
physics below the TeV scale. SMEFT assumes that electroweak gauge symmetry is broken
by a single fundamental Higgs doublet that acquires a vacuum expectation value. Con-
sistency of the SMEFT and LEFT parameters thus tests whether the electroweak gauge
symmetry breaking mechanism of the SM and SMEFT is correct.
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A SMEFT Operator Basis

This appendix lists the SMEFT operators up to dimension six. The operators were listed
in Ref. [2]. They are reproduced here since we make extensive use of them in this paper.

∆L = 2 (LL)HH + h.c.

Q5 εijεk`(lTipClkr)HjH`

Table 4. Dimension-five ∆L = 2 operator Q5 in SMEFT. There is also the Hermitian conjugate
∆L = −2 operator Q†5, as indicated by + h.c. in the table heading. Subscripts p and r are
weak-eigenstate indices.
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1 : X3

QG fABCGAνµ GBρν GCµρ

QG̃ fABCG̃Aνµ GBρν GCµρ

QW εIJKW Iν
µ W Jρ

ν WKµ
ρ

Q
W̃

εIJKW̃ Iν
µ W Jρ

ν WKµ
ρ

2 : H6

QH (H†H)3

3 : H4D2

QH� (H†H)�(H†H)

QHD
(
H†DµH

)∗ (
H†DµH

)
5 : ψ2H3 + h.c.

QeH (H†H)(l̄perH)

QuH (H†H)(q̄purH̃)

QdH (H†H)(q̄pdrH)

4 : X2H2

QHG H†H GAµνG
Aµν

Q
HG̃

H†H G̃AµνG
Aµν

QHW H†HW I
µνW

Iµν

Q
HW̃

H†H W̃ I
µνW

Iµν

QHB H†H BµνB
µν

Q
HB̃

H†H B̃µνB
µν

QHWB H†τ IHW I
µνB

µν

Q
HW̃B

H†τ IH W̃ I
µνB

µν

6 : ψ2XH + h.c.

QeW (l̄pσ
µντ Ier)HW

I
µν

QeB (l̄pσ
µνer)HBµν

QuG (q̄pσ
µνTAur)H̃ GAµν

QuW (q̄pσ
µντ Iur)H̃ W I

µν

QuB (q̄pσ
µνur)H̃ Bµν

QdG (q̄pσ
µνTAdr)H GAµν

QdW (q̄pσ
µντ Idr)HW I

µν

QdB (q̄pσ
µνdr)H Bµν

7 : ψ2H2D

Q
(1)
Hl (H†i

←→
D µH)(l̄pγ

µlr)

Q
(3)
Hl (H†i

←→
D I

µH)(l̄pτ
Iγµlr)

QHe (H†i
←→
D µH)(ēpγ

µer)

Q
(1)
Hq (H†i

←→
D µH)(q̄pγ

µqr)

Q
(3)
Hq (H†i

←→
D I

µH)(q̄pτ
Iγµqr)

QHu (H†i
←→
D µH)(ūpγ

µur)

QHd (H†i
←→
D µH)(d̄pγ

µdr)

QHud + h.c. i(H̃†DµH)(ūpγ
µdr)

8 : (L̄L)(L̄L)

Qll (l̄pγ
µlr)(l̄sγµlt)

Q
(1)
qq (q̄pγ

µqr)(q̄sγµqt)

Q
(3)
qq (q̄pγ

µτ Iqr)(q̄sγµτ
Iqt)

Q
(1)
lq (l̄pγ

µlr)(q̄sγµqt)

Q
(3)
lq (l̄pγ

µτ I lr)(q̄sγµτ
Iqt)

8 : (R̄R)(R̄R)

Qee (ēpγ
µer)(ēsγµet)

Quu (ūpγ
µur)(ūsγµut)

Qdd (d̄pγ
µdr)(d̄sγµdt)

Qeu (ēpγ
µer)(ūsγµut)

Qed (ēpγ
µer)(d̄sγµdt)

Q
(1)
ud (ūpγ

µur)(d̄sγµdt)

Q
(8)
ud (ūpγ

µTAur)(d̄sγµT
Adt)

8 : (L̄L)(R̄R)

Qle (l̄pγ
µlr)(ēsγµet)

Qlu (l̄pγ
µlr)(ūsγµut)

Qld (l̄pγ
µlr)(d̄sγµdt)

Qqe (q̄pγ
µqr)(ēsγµet)

Q
(1)
qu (q̄pγ

µqr)(ūsγµut)

Q
(8)
qu (q̄pγ

µTAqr)(ūsγµT
Aut)

Q
(1)
qd (q̄pγ

µqr)(d̄sγµdt)

Q
(8)
qd (q̄pγ

µTAqr)(d̄sγµT
Adt)

8 : (L̄R)(R̄L) + h.c.

Qledq (l̄jper)(d̄sqtj)

8 : (L̄R)(L̄R) + h.c.

Q
(1)
quqd (q̄jpur)εjk(q̄

k
sdt)

Q
(8)
quqd (q̄jpTAur)εjk(q̄

k
sT

Adt)

Q
(1)
lequ (l̄jper)εjk(q̄

k
sut)

Q
(3)
lequ (l̄jpσµνer)εjk(q̄

k
sσ

µνut)

Table 5. The 76 dimension-six operators that conserve baryon and lepton number in SMEFT. The
operators are divided into eight classes according to their field content. The class-8 ψ4 four-fermion
operators are further divided into subclasses according to their chiral properties. Operators with
+ h.c. have Hermitian conjugates, as does the ψ2H2D operator QHud. The subscripts p, r, s, t are
weak-eigenstate indices.
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∆B = ∆L = 1 + h.c.

Qduql εαβγεij(dTαpCuβr)(q
T
γisCljt)

Qqque εαβγεij(qTαipCqβjr)(u
T
γsCet)

Qqqql εαβγεi`εjk(qTαipCqβjr)(q
T
γksCl`t)

Qduue εαβγ(dTαpCuβr)(u
T
γsCet)

Table 6. Dimension-six ∆B = ∆L = 1 operators in SMEFT. There are also Hermitian conjugate
∆B = ∆L = −1 operators, as indicated by + h.c. in the table heading. Subscripts p, r, s and t are
weak-eigenstate indices.

– 31 –



B LEFT Operator Basis

This appendix lists the LEFT operators up to dimension six. Weak-eigenstate indices of the
operators are not shown—e.g. OV,LLee with the weak-eigenstate indices included is OV,LLee

prst
.

νν + h.c.

Oν (νTLpCνLr)

(νν)X + h.c.

Oνγ (νTLpCσ
µννLr)Fµν

(LR)X + h.c.

Oeγ ēLpσ
µνeRr Fµν

Ouγ ūLpσ
µνuRr Fµν

Odγ d̄Lpσ
µνdRr Fµν

OuG ūLpσ
µνTAuRr G

A
µν

OdG d̄Lpσ
µνTAdRr G

A
µν

X3

OG fABCGAνµ GBρν GCµρ

OG̃ fABCG̃Aνµ GBρν GCµρ

(LL)(LL)

OV,LLνν (ν̄Lpγ
µνLr)(ν̄LsγµνLt)

OV,LLee (ēLpγ
µeLr)(ēLsγµeLt)

OV,LLνe (ν̄Lpγ
µνLr)(ēLsγµeLt)

OV,LLνu (ν̄Lpγ
µνLr)(ūLsγµuLt)

OV,LLνd (ν̄Lpγ
µνLr)(d̄LsγµdLt)

OV,LLeu (ēLpγ
µeLr)(ūLsγµuLt)

OV,LLed (ēLpγ
µeLr)(d̄LsγµdLt)

OV,LLνedu (ν̄Lpγ
µeLr)(d̄LsγµuLt) + h.c.

OV,LLuu (ūLpγ
µuLr)(ūLsγµuLt)

OV,LLdd (d̄Lpγ
µdLr)(d̄LsγµdLt)

OV 1,LL
ud (ūLpγ

µuLr)(d̄LsγµdLt)

OV 8,LL
ud (ūLpγ

µTAuLr)(d̄LsγµT
AdLt)

(RR)(RR)

OV,RRee (ēRpγ
µeRr)(ēRsγµeRt)

OV,RReu (ēRpγ
µeRr)(ūRsγµuRt)

OV,RRed (ēRpγ
µeRr)(d̄RsγµdRt)

OV,RRuu (ūRpγ
µuRr)(ūRsγµuRt)

OV,RRdd (d̄Rpγ
µdRr)(d̄RsγµdRt)

OV 1,RR
ud (ūRpγ

µuRr)(d̄RsγµdRt)

OV 8,RR
ud (ūRpγ

µTAuRr)(d̄RsγµT
AdRt)

(LL)(RR)

OV,LRνe (ν̄Lpγ
µνLr)(ēRsγµeRt)

OV,LRee (ēLpγ
µeLr)(ēRsγµeRt)

OV,LRνu (ν̄Lpγ
µνLr)(ūRsγµuRt)

OV,LRνd (ν̄Lpγ
µνLr)(d̄RsγµdRt)

OV,LReu (ēLpγ
µeLr)(ūRsγµuRt)

OV,LRed (ēLpγ
µeLr)(d̄RsγµdRt)

OV,LRue (ūLpγ
µuLr)(ēRsγµeRt)

OV,LRde (d̄Lpγ
µdLr)(ēRsγµeRt)

OV,LRνedu (ν̄Lpγ
µeLr)(d̄RsγµuRt) + h.c.

OV 1,LR
uu (ūLpγ

µuLr)(ūRsγµuRt)

OV 8,LR
uu (ūLpγ

µTAuLr)(ūRsγµT
AuRt)

OV 1,LR
ud (ūLpγ

µuLr)(d̄RsγµdRt)

OV 8,LR
ud (ūLpγ

µTAuLr)(d̄RsγµT
AdRt)

OV 1,LR
du (d̄Lpγ

µdLr)(ūRsγµuRt)

OV 8,LR
du (d̄Lpγ

µTAdLr)(ūRsγµT
AuRt)

OV 1,LR
dd (d̄Lpγ

µdLr)(d̄RsγµdRt)

OV 8,LR
dd (d̄Lpγ

µTAdLr)(d̄RsγµT
AdRt)

OV 1,LR
uddu (ūLpγ

µdLr)(d̄RsγµuRt) + h.c.

OV 8,LR
uddu (ūLpγ

µTAdLr)(d̄RsγµT
AuRt) + h.c.

(LR)(LR) + h.c.

OS,RRee (ēLpeRr)(ēLseRt)

OS,RReu (ēLpeRr)(ūLsuRt)

OT,RReu (ēLpσ
µνeRr)(ūLsσµνuRt)

OS,RRed (ēLpeRr)(d̄LsdRt)

OT,RRed (ēLpσ
µνeRr)(d̄LsσµνdRt)

OS,RRνedu (ν̄LpeRr)(d̄LsuRt)

OT,RRνedu (ν̄Lpσ
µνeRr)(d̄LsσµνuRt)

OS1,RRuu (ūLpuRr)(ūLsuRt)

OS8,RRuu (ūLpT
AuRr)(ūLsT

AuRt)

OS1,RRud (ūLpuRr)(d̄LsdRt)

OS8,RRud (ūLpT
AuRr)(d̄LsT

AdRt)

OS1,RRdd (d̄LpdRr)(d̄LsdRt)

OS8,RRdd (d̄LpT
AdRr)(d̄LsT

AdRt)

OS1,RRuddu (ūLpdRr)(d̄LsuRt)

OS8,RRuddu (ūLpT
AdRr)(d̄LsT

AuRt)

(LR)(RL) + h.c.

OS,RLeu (ēLpeRr)(ūRsuLt)

OS,RLed (ēLpeRr)(d̄RsdLt)

OS,RLνedu (ν̄LpeRr)(d̄RsuLt)

Table 7. The operators for LEFT of dimension three, five, and six that conserve baryon and lepton
number, and the dimension-three and dimension-five ∆L = ±2 operators. The dimension-three
∆L = 2 operator Oν is the Majorana-neutrino mass operator, while the dimension-five ∆L = 2

operator Oνγ is the Majorana-neutrino dipole operator. There are 5 additional dimension-five
dipole operators (L̄R)X. The 80 dimension-six operators consist of 2 pure gauge operators X3

and 78 four-fermion operators ψ4, which are further divided by their chiral structure. The ψ4

operator superscripts V , S, T refer to products of vector, scalar, and tensor fermion bilinears, and
the additional two labels L or R refer to the chiral projectors in the bilinears. Operators with +h.c.

have Hermitian conjugates. The subscripts p, r, s, t are weak-eigenstate indices.
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∆L = 4 + h.c.

OS,LLνν (νTLpCνLr)(ν
T
LsCνLt)

∆L = 2 + h.c.

OS,LLνe (νTLpCνLr)(ēRseLt)

OT,LLνe (νTLpCσ
µννLr)(ēRsσµνeLt)

OS,LRνe (νTLpCνLr)(ēLseRt)

OS,LLνu (νTLpCνLr)(ūRsuLt)

OT,LLνu (νTLpCσ
µννLr)(ūRsσµνuLt)

OS,LRνu (νTLpCνLr)(ūLsuRt)

OS,LLνd (νTLpCνLr)(d̄RsdLt)

OT,LLνd (νTLpCσ
µννLr)(d̄RsσµνdLt)

OS,LRνd (νTLpCνLr)(d̄LsdRt)

OS,LLνedu (νTLpCeLr)(d̄RsuLt)

OT,LLνedu (νTLpCσ
µνeLr)(d̄RsσµνuLt)

OS,LRνedu (νTLpCeLr)(d̄LsuRt)

OV,RLνedu (νTLpCγ
µeRr)(d̄LsγµuLt)

OV,RRνedu (νTLpCγ
µeRr)(d̄RsγµuRt)

∆B = ∆L = 1 + h.c.

OS,LLudd εαβγ(uαTLpCd
β
Lr)(d

γT
LsCνLt)

OS,LLduu εαβγ(dαTLpCu
β
Lr)(u

γT
LsCeLt)

OS,LRuud εαβγ(uαTLpCu
β
Lr)(d

γT
RsCeRt)

OS,LRduu εαβγ(dαTLpCu
β
Lr)(u

γT
RsCeRt)

OS,RLuud εαβγ(uαTRpCu
β
Rr)(d

γT
LsCeLt)

OS,RLduu εαβγ(dαTRpCu
β
Rr)(u

γT
LsCeLt)

OS,RLdud εαβγ(dαTRpCu
β
Rr)(d

γT
LsCνLt)

OS,RLddu εαβγ(dαTRpCd
β
Rr)(u

γT
LsCνLt)

OS,RRduu εαβγ(dαTRpCu
β
Rr)(u

γT
RsCeRt)

∆B = −∆L = 1 + h.c.

OS,LLddd εαβγ(dαTLpCd
β
Lr)(ēRsd

γ
Lt)

OS,LRudd εαβγ(uαTLpCd
β
Lr)(ν̄Lsd

γ
Rt)

OS,LRddu εαβγ(dαTLpCd
β
Lr)(ν̄Lsu

γ
Rt)

OS,LRddd εαβγ(dαTLpCd
β
Lr)(ēLsd

γ
Rt)

OS,RLddd εαβγ(dαTRpCd
β
Rr)(ēRsd

γ
Lt)

OS,RRudd εαβγ(uαTRpCd
β
Rr)(ν̄Lsd

γ
Rt)

OS,RRddd εαβγ(dαTRpCd
β
Rr)(ēLsd

γ
Rt)

Table 8. The LEFT dimension-six four-fermion operators that violate baryon and/or lepton num-
ber. All operators have Hermitian conjugates. The operator superscripts V , S, T refer to products
of vector, scalar, and tensor fermion bilinears, and the additional two labels L or R refer to the
chiral projectors in the bilinears. The subscripts p, r, s, t are weak-eigenstate indices.

C Matching Conditions

This appendix gives the number of operators of each Lorentz type, broken up into leptonic,
semileptonic, and nonleptonic categories, and the tree-level matching conditions in SMEFT
up to dimension six. Table 22 gives the number of CP -even and CP -odd operators.

∆L = 2 νν + h.c.

Number SM Matching

Oν 1
2nν(nν + 1) 6 1

2C 5
pr
v2T

Table 9. Dimension-three ∆L = 2 Majorana neutrino mass operators in LEFT. There are also
Hermitian conjugate ∆L = −2 operators O†ν , as indicated in the table heading. The second column
is the number of operators for an arbitrary number of neutrino flavors nν , and the third column is
the number in the SM LEFT with nν = 3. The last column is the tree-level matching coefficient in
SMEFT.
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∆L = 2 (νν)X + h.c.

Number SM Matching

Oνγ 1
2nν(nν − 1) 3 0

Table 10. Dimension-five ∆L = 2 Majorana neutrino dipole operators in LEFT. There are also
Hermitian conjugate ∆L = −2 operators O†νγ , as indicated in the table heading. The second column
is the number of operators for an arbitrary number of neutrino flavors nν , and the third column
is number in the SM LEFT with nν = 3. The last column is the tree-level matching coefficient in
SMEFT, which vanishes.

(L̄R)X + h.c.

Number SM Matching

Leptonic

Oeγ n2e 9 1√
2

(
−CeW

pr
s̄+ CeB

pr
c̄

)
vT

Nonleptonic

Ouγ n2u 4 1√
2

(
CuW
pr
s̄+ CuB

pr
c̄

)
vT

Odγ n2d 9 1√
2

(
−CdW

pr
s̄+ CdB

pr
c̄

)
vT

OuG n2u 4 1√
2
CuG
pr
vT

OdG n2d 9 1√
2
CdG
pr
vT

Total 2n2u + 2n2d 26

Table 11. Dimension-five (L̄R)X dipole operators in LEFT. There are also Hermitian conjugate
dipole operators (R̄L)X, as indicated in the table heading. The operators are divided into the
leptonic and nonleptonic operators. The second column is the number of operators for an arbitrary
number of charged lepton flavors ne, u-type quark flavors nu, and d-type quark flavors nd, and the
third column is the number in the SM LEFT with ne = 3, nu = 2 and nd = 3. The last column is
the tree-level matching coefficient in SMEFT. s̄ and c̄ are defined in Eq. (2.23).

X3

Number SM Matching

OG 1 1 CG

OG̃ 1 1 CG̃

Total 2 2

Table 12. Dimension-six triple-gauge-boson operators in LEFT. The tree-level matching coefficient
of each operator is equal to the coefficient of the corresponding operator in SMEFT.
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(L̄L)(L̄L)

Number SM Matching

Leptonic

OV,LLνν
1
4n

2
ν(nν + 1)2 36 C ll

prst
− gZ

2

4M2
Z

[Zν ]pr [Zν ]st −
gZ

2

4M2
Z

[Zν ]pt [Zν ]sr

OV,LLee
1
4n

2
e(ne + 1)2 36 C ll

prst
− gZ

2

4M2
Z

[ZeL ]pr [ZeL ]st −
gZ

2

4M2
Z

[ZeL ]pt [ZeL ]sr

OV,LLνe n2en
2
ν 81 C ll

prst
+ C ll

stpr
− g2

2

2M2
W

[Wl]pt [Wl]
∗
rs −

gZ
2

M2
Z

[Zν ]pr [ZeL ]st

Total n2en
2
ν + 1

4n
2
e(ne + 1)2

+ 1
4n

2
ν(nν + 1)2 153

Semileptonic

OV,LLνu n2νn
2
u 36 C

(1)
lq
prst

+ C
(3)
lq
prst

− gZ
2

M2
Z

[Zν ]pr [ZuL
]st

OV,LLνd n2νn
2
d 81 C

(1)
lq
prst

− C(3)
lq
prst

− gZ
2

M2
Z

[Zν ]pr [ZdL ]st

OV,LLeu n2en
2
u 36 C

(1)
lq
prst

− C(3)
lq
prst

− gZ
2

M2
Z

[ZeL ]pr [ZuL
]st

OV,LLed n2en
2
d 81 C

(1)
lq
prst

+ C
(3)
lq
prst

− gZ
2

M2
Z

[ZeL ]pr [ZdL ]st

OV,LLνedu + h.c. 2× nenνnund 2× 54 2C
(3)
lq
prst

− g2
2

2M2
W

[Wl]pr [Wq]
∗
ts

Total (n2e + n2ν)(n2u + n2d)

+ 2nenνnund 342

Nonleptonic

OV,LLuu
1
2n

2
u(n2u + 1) 10 C

(1)
qq
prst

+ C
(3)
qq
prst
− gZ

2

2M2
Z

[ZuL
]pr [ZuL

]st

OV,LLdd
1
2n

2
d(n

2
d + 1) 45 C

(1)
qq
prst

+ C
(3)
qq
prst
− gZ

2

2M2
Z

[ZdL ]pr [ZdL ]st

OV 1,LL
ud n2un

2
d 36 C

(1)
qq
prst

+ C
(1)
qq
stpr
− C(3)

qq
prst
− C(3)

qq
stpr

+ 2
Nc
C

(3)
qq
ptsr

+ 2
Nc
C

(3)
qq
srpt

− g2
2

2M2
W

[Wq]pt [Wq]
∗
rs

1
Nc
− gZ

2

M2
Z

[ZuL
]pr [ZdL ]st

OV 8,LL
ud n2un

2
d 36 4C

(3)
qq
ptsr

+ 4C
(3)
qq
srpt
− g2

2

M2
W

[Wq]pt [Wq]
∗
rs

Total 2n2un
2
d + 1

2n
2
u(n2u + 1)

+ 1
2n

2
d(n

2
d + 1) 127

Table 13. Dimension-six four-fermion operators: two left-handed currents in LEFT. The (L̄L)(L̄L)

operators are divided into leptonic, semileptonic, and nonleptonic operators. The semileptonic
operator OV,LLνedu and its Hermitian conjugate OV,LLνedu

†
are both present. All other operators are

Hermitian. The second column is the number of operators for an arbitrary number of neutrino
flavors nν , charged lepton flavors ne, u-type quark flavors nu, and d-type quark flavors nd, and the
third column is the number in the SM LEFT with nν = 3, ne = 3, nu = 2, and nd = 3. The last
column is the tree-level matching coefficient in SMEFT.
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(R̄R)(R̄R)

Number SM Matching

Leptonic

OV,RRee
1
4n

2
e(ne + 1)2 36 C ee

prst
− gZ

2

4M2
Z

[ZeR ]pr [ZeR ]st −
gZ

2

4M2
Z

[ZeR ]pt [ZeR ]sr

Semileptonic

OV,RReu n2en
2
u 36 C eu

prst
− gZ

2

M2
Z

[ZeR ]pr [ZuR
]st

OV,RRed n2en
2
d 81 C ed

prst
− gZ

2

M2
Z

[ZeR ]pr [ZdR ]st

Total n2e(n
2
u + n2d) 117

Nonleptonic

OV,RRuu
1
2n

2
u(n2u + 1) 10 C uu

prst
− gZ

2

2M2
Z

[ZuR
]pr [ZuR

]st

OV,RRdd
1
2n

2
d(n

2
d + 1) 45 C dd

prst
− gZ

2

2M2
Z

[ZdR ]pr [ZdR ]st

OV 1,RR
ud n2un

2
d 36 C

(1)
ud
prst
− g2

2

2M2
W

[WR]pt [WR]
∗
rs

1
Nc
− gZ

2

M2
Z

[ZuR
]pr [ZdR ]st

OV 8,RR
ud n2un

2
d 36 C

(8)
ud
prst
− g2

2

M2
W

[WR]pt [WR]
∗
rs

Total 2n2un
2
d + 1

2n
2
u(n2u + 1)

+ 1
2n

2
d(n

2
d + 1) 127

Table 14. Dimension-six four-fermion operators: two right-handed currents in LEFT. The
(R̄R)(R̄R) operators are divided into leptonic, semileptonic, and nonleptonic operators. The second
column is the number of operators for an arbitrary number of charged lepton flavors ne, u-type
quark flavors nu, and d-type quark flavors nd, and the third column is the number in the SM LEFT
with ne = 3, nu = 2, and nd = 3. The last column is the tree-level matching coefficient in SMEFT.
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(L̄L)(R̄R)

Number SM Matching

Leptonic

OV,LRνe n2en
2
ν 81 C le

prst
− gZ

2

M2
Z

[Zν ]pr [ZeR ]st

OV,LRee n4e 81 C le
prst
− gZ

2

M2
Z

[ZeL ]pr [ZeR ]st

Total n2e(n
2
e + n2ν) 162

Semileptonic

OV,LRνu n2νn
2
u 36 C lu

prst
− gZ

2

M2
Z

[Zν ]pr [ZuR
]st

OV,LRνd n2νn
2
d 81 C ld

prst
− gZ

2

M2
Z

[Zν ]pr [ZdR ]st

OV,LReu n2en
2
u 36 C lu

prst
− gZ

2

M2
Z

[ZeL ]pr [ZuR
]st

OV,LRed n2en
2
d 81 C ld

prst
− gZ

2

M2
Z

[ZeL ]pr [ZdR ]st

OV,LRue n2en
2
u 36 C qe

prst
− gZ

2

M2
Z

[ZuL
]pr [ZeR ]st

OV,LRde n2en
2
d 81 C qe

prst
− gZ

2

M2
Z

[ZdL ]pr [ZeR ]st

OV,LRνedu + h.c. 2× nenνnund 2× 54 − g2
2

2M2
W

[Wl]pr [WR]
∗
ts

Total (2n2e + n2ν)(n2u + n2d)

+ 2nenνnund 459

Nonleptonic

OV 1,LR
uu n4u 16 C

(1)
qu
prst
− gZ

2

M2
Z

[ZuL
]pr [ZuR

]st

OV 8,LR
uu n4u 16 C

(8)
qu
prst

OV 1,LR
ud n2un

2
d 36 C

(1)
qd
prst

− gZ
2

M2
Z

[ZuL
]pr [ZdR ]st

OV 8,LR
ud n2un

2
d 36 C

(8)
qd
prst

OV 1,LR
du n2un

2
d 36 C

(1)
qu
prst
− gZ

2

M2
Z

[ZdL ]pr [ZuR
]st

OV 8,LR
du n2un

2
d 36 C

(8)
qu
prst

OV 1,LR
dd n4d 81 C

(1)
qd
prst

− gZ
2

M2
Z

[ZdL ]pr [ZdR ]st

OV 8,LR
dd n4d 81 C

(8)
qd
prst

OV 1,LR
uddu + h.c. 2× n2un2d 2× 36 − g2

2

2M2
W

[Wq]pr [WR]
∗
ts

OV 8,LR
uddu + h.c. 2× n2un2d 2× 36 0

Total 2(n4u + n4d + 4n2un
2
d) 482

Table 15. Dimension-six four-fermion operators: left-handed times right-handed currents in
LEFT. The (L̄L)(R̄R) operators are divided into leptonic, semileptonic, and nonleptonic opera-
tors. Semileptonic operators OV,LRνedu and nonleptonic operators OV 1,LR

uddu and OV 8,LR
uddu all come with

additional Hermitian conjugate operators. All other operators are Hermitian. The second column
is the number of operators for an arbitrary number of neutrino flavors nν , charged lepton flavors
ne, u-type quark flavors nu, and d-type quark flavors nd, and the third column is the number in
the SM LEFT with nν = 3, ne = 3, nu = 2, and nd = 3. The last column is the tree-level matching
coefficient in SMEFT.
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(L̄R)(R̄L) + h.c.

Number SM Matching

Semileptonic

OS,RLeu n2en
2
u 36 0

OS,RLed n2en
2
d 81 Cledq

prst

OS,RLνedu nenνnund 54 Cledq
prst

Total n2e(n
2
u + n2d) + nenνnund 171

Table 16. Dimension-six four-fermion operators: (L̄R)(R̄L) scalar bilinears in LEFT. There are
also Hermitian conjugate operators, as indicated in the table heading. All of the operators are
semileptonic operators. The second column is the number of operators for an arbitrary number of
neutrino flavors nν , charged lepton flavors ne, u-type quark flavors nu, and d-type quark flavors nd,
and the third column is the number in the SM LEFT with nν = 3, ne = 3, nu = 2, and nd = 3.
The last column is the tree-level matching coefficient in SMEFT.
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(L̄R)(L̄R) + h.c.

Number SM Matching

Leptonic

OS,RRee
1
2n

2
e(n

2
e + 1) 45 0

Semileptonic

OS,RReu n2en
2
u 36 −C(1)

lequ
prst

OT,RReu n2en
2
u 36 −C(3)

lequ
prst

OS,RRed n2en
2
d 81 0

OT,RRed n2en
2
d 81 0

OS,RRνedu nenνnund 54 C
(1)
lequ
prst

OT,RRνedu nenνnund 54 C
(3)
lequ
prst

Total 2n2e(n
2
u + n2d) + 2nenνnund 342

Nonleptonic

OS1,RRuu
1
2n

2
u(n2u + 1) 10 0

OS8,RRuu
1
2n

2
u(n2u + 1) 10 0

OS1,RRud n2un
2
d 36 C

(1)
quqd
prst

OS8,RRud n2un
2
d 36 C

(8)
quqd
prst

OS1,RRdd
1
2n

2
d(n

2
d + 1) 45 0

OS8,RRdd
1
2n

2
d(n

2
d + 1) 45 0

OS1,RRuddu n2un
2
d 36 −C(1)

quqd
stpr

OS8,RRuddu n2un
2
d 36 −C(8)

quqd
stpr

Total 4n2un
2
d + n2u(n2u + 1)

+ n2d(n
2
d + 1) 254

Table 17. Dimension-six four-fermion operators: (L̄R)(L̄R) scalar and tensor bilinears in LEFT.
There are also Hermitian conjugate operators, as indicated in the table heading. The operators are
divided into leptonic, semileptonic, and nonleptonic operators. The second column is the number
of operators for an arbitrary number of neutrino flavors nν , charged lepton flavors ne, u-type quark
flavors nu, and d-type quark flavors nd, and the third column is the number in the SM LEFT with
nν = 3, ne = 3, nu = 2, and nd = 3. The last column is the tree-level matching coefficient in
SMEFT.
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∆L = 4 + h.c.

Number SM Matching

OS,LLνν
1
12n

2
ν(n2ν − 1) 6 0

Table 18. Dimension-six ∆L = 4 operators in LEFT. There are also Hermitian conjugate operators,
as indicated in the table heading. The second column is the number of operators for an arbitrary
number of neutrino flavors nν , and the third column is the number in the SM LEFT with nν = 3.
The last column is the tree-level matching coefficient in SMEFT.

∆L = 2 + h.c.

Number SM Matching

Leptonic

OS,LLνe
1
2nν(nν + 1)n2e 54 0

OT,LLνe
1
2nν(nν − 1)n2e 27 0

OS,LRνe
1
2nν(nν + 1)n2e 54 0

Total 1
2nν(3nν + 1)n2e 135

Semileptonic

OS,LLνu
1
2nν(nν + 1)n2u 24 0

OT,LLνu
1
2nν(nν − 1)n2u 12 0

OS,LRνu
1
2nν(nν + 1)n2u 24 0

OS,LLνd
1
2nν(nν + 1)n2d 54 0

OT,LLνd
1
2nν(nν − 1)n2d 27 0

OS,LRνd
1
2nν(nν + 1)n2d 54 0

OS,LLνedu nenνnund 54 0

OT,LLνedu nenνnund 54 0

OS,LRνedu nenνnund 54 0

OV,RLνedu nenνnund 54 0

OV,RRνedu nenνnund 54 0

Total 1
2nν(3nν + 1)(n2u + n2d) + 5nenνnund 465

Table 19. Dimension-six ∆L = 2 operators in LEFT. There are also Hermitian conjugate opera-
tors, as indicated in the table heading. The operators are divided into leptonic and semileptonic
operators. The second column is the number of operators for an arbitrary number of neutrino
flavors nν , charged lepton flavors ne, u-type quark flavors nu, and d-type quark flavors nd, and the
third column is the number in the SM LEFT with nν = 3, ne = 3, nu = 2, and nd = 3. The last
column is the tree-level matching coefficient in SMEFT.
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∆B = ∆L = 1 + h.c.

Number SM Matching

OS,LLudd nνnun
2
d 54 Cqqql

srpt
− Cqqql

rspt
+ Cqqql

rpst

OS,LLduu nendn
2
u 36 Cqqql

srpt
− Cqqql

rspt
+ Cqqql

rpst

OS,LRuud
1
2ndnu(nu − 1)ne 9 0

OS,LRduu nen
2
und 36 −Cqque

prst
− Cqque

rpst

OS,RLuud
1
2ndnu(nu − 1)ne 9 0

OS,RLduu nen
2
und 36 Cduql

prst

OS,RLdud nνnun
2
d 54 −Cduql

prst

OS,RLddu
1
2nd(nd − 1)nunν 18 0

OS,RRduu nendn
2
u 36 Cduue

prst

Total 5
2n

2
dnνnu + 5ndnen

2
u − ndnenu − 1

2ndnνnu 288

Table 20. Dimension-six ∆B = ∆L = 1 operators in LEFT. There are also Hermitian conjugate
∆B = ∆L = −1 operators, as indicated in the table heading. The second column is the number of
operators for an arbitrary number of neutrino flavors nν , charged lepton flavors ne, u-type quark
flavors nu, and d-type quark flavors nd, and the third column is the number in the SM LEFT with
nν = 3, ne = 3, nu = 2, and nd = 3. The last column is the tree-level matching coefficient in
SMEFT.

∆B = −∆L = 1 + h.c.

Number SM Matching

OS,LLddd
1
3nd(n

2
d − 1)ne 24 0

OS,LRudd nνnun
2
d 54 0

OS,LRddu
1
2nd(nd − 1)nunν 18 0

OS,LRddd
1
2n

2
d(nd − 1)ne 27 0

OS,RLddd
1
2n

2
d(nd − 1)ne 27 0

OS,RRudd nνnun
2
d 54 0

OS,RRddd
1
3nd(n

2
d − 1)ne 24 0

Total 5
3n

3
dne + 5

2nνn
2
dnu − n2dne − 1

2ndnνnu −
2
3ndne 228

Table 21. Dimension-six ∆B = −∆L = 1 operators in LEFT. There are also Hermitian conjugate
∆B = −∆L = −1 operators, as indicated in the table heading. The second column is the number
of operators for an arbitrary number of neutrino flavors nν , charged lepton flavors ne, u-type quark
flavors nu, and d-type quark flavors nd, and the third column is the number in the SM LEFT with
nν = 3, ne = 3, nu = 2, and nd = 3. The last column is the tree-level matching coefficient in
SMEFT.
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Operator type CP -even CP -odd
SM SM

∆L = 2 + h.c. 1
2nν(nν + 1) 6 1

2nν(nν + 1) 6

(L̄R)X + h.c. : leptonic n2e 9 n2e 9

(L̄R)X + h.c. : nonleptonic 2(n2u + n2d) 26 2(n2u + n2d) 26

∆L = 2 (νν)X + h.c. 1
2nν(nν − 1) 3 1

2nν(nν − 1) 3

X3 1 1 1 1

(L̄L)(L̄L) : leptonic 1
2 (n2en

2
ν + nenν) + 1

8ne(n
3
e + 2n2e + 3ne + 2) 1

2 (n2en
2
ν − nenν) + 1

8ne(n
2
e − 1)(ne + 2)

+ 1
8nν(n3ν + 2n2ν + 3nν + 2) 87 + 1

8nν(n2ν − 1)(nν + 2) 66

(L̄L)(L̄L) : semileptonic 1
2 (n2u + n2d)(n

2
e + n2ν) 1

2 (n2u + n2d)(n
2
e + n2ν)

+ 1
2 (nu + nd)(ne + nν) + nenνnund 186 − 1

2 (nu + nd)(ne + nν) + nenνnund 156

(L̄L)(L̄L) : nonleptonic 1
4 (n4u + 4n2un

2
d + n4d

1
4 (n4u + 4n2un

2
d + n4d

+ 3n2u + 4nund + 3n2d) 76 − n2u − 4nund − n2d) 51

(R̄R)(R̄R) : leptonic 1
8ne(ne + 1)(n2e + ne + 2) 21 1

8ne(n
2
e − 1)(ne + 2) 15

(R̄R)(R̄R) : semileptonic 1
2ne(ne(n

2
u + n2d) + nu + nd) 66 1

2ne(ne(n
2
u + n2d)− nu − nd) 51

(R̄R)(R̄R) : nonleptonic 1
4 (n4u + 4n2un

2
d + n4d

1
4 (n4u + 4n2un

2
d + n4d

+ 3n2u + 4nund + 3n2d) 76 − n2u − 4nund − n2d) 51

(L̄L)(R̄R) : leptonic 1
2ne(n

3
e + ne(n

2
ν + 1) + nν) 90 1

2ne(n
3
e + ne(n

2
ν − 1)− nν) 72

(L̄L)(R̄R) : semileptonic 1
2 (n2u + n2d)(2n

2
e + n2ν) 1

2 (n2u + n2d)(2n
2
e + n2ν)

+ 1
2 (nu + nd)(2ne + nν) + nenνnund 252 − 1

2 (nu + nd)(2ne + nν) + nenνnund 207

(L̄L)(R̄R) : nonleptonic n4u + 4n2un
2
d + n4d + n2u + 2nund + n2d 266 n4u + 4n2un

2
d + n4d − n2u − 2nund − n2d 216

(L̄R)(R̄L) + h.c. n2e(n
2
u + n2d) + nenνnund 171 n2e(n

2
u + n2d) + nenνnund 171

(L̄R)(L̄R) + h.c. : leptonic 1
2n

2
e(n

2
e + 1) 45 1

2n
2
e(n

2
e + 1) 45

(L̄R)(L̄R) + h.c. : semileptonic 2n2e(n
2
u + n2d) + 2nenνnund 342 2n2e(n

2
u + n2d) + 2nenνnund 342

(L̄R)(L̄R) + h.c. : nonleptonic n2u(n2u + 1) + n2d(n
2
d + 1) + 4n2un

2
d 254 n2u(n2u + 1) + n2d(n

2
d + 1) + 4n2un

2
d 254

∆L = 4 + h.c 1
12n

2
ν(n2ν − 1) 6 1

12n
2
ν(n2ν − 1) 6

∆L = 2 + h.c. : leptonic 1
2nν(3nν + 1)n2e 135 1

2nν(3nν + 1)n2e 135

∆L = 2 + h.c. : semileptonic 1
2nν(3nν + 1)(n2u + n2d) + 5nenνnund 465 1

2nν(3nν + 1)(n2u + n2d) + 5nenνnund 465

∆B = ∆L = 1 + h.c. 5
2n

2
dnνnu + 5ndnen

2
u

5
2n

2
dnνnu + 5ndnen

2
u

− ndnenu − 1
2ndnνnu 288 − ndnenu − 1

2ndnνnu 288

∆B = −∆L = 1 + h.c. 5
3n

3
dne + 5

2nνn
2
dnu − n2dne 5

3n
3
dne + 5

2nνn
2
dnu − n2dne

− 1
2ndnνnu −

2
3ndne 228 − 1

2ndnνnu −
2
3ndne 228

Total 3099 2864

Table 22. Number of operators in LEFT at dimensions three, five, and six, divided into CP -even
and CP -odd operators. The number of operators is given for an arbitrary number of neutrino
flavors nν , charged lepton flavors ne, u-type quark flavors nu, and d-type quark flavors nd, and for
the case of SM LEFT with nν = 3, ne = 3, nu = 2, and nd = 3. The LEFT operators in each
category are given explicitly in Tables 9–21.
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